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���7ZR�LQGHSHQGHQW�JURXSV��SRSXODWLRQ�YDULDQFHV�DUH�XQHTXDO ��������������������������������������������

���0RUH�WKDQ�WZR�SDUDOOHO�JURXSV�ZLWK�XQHTXDO�VL]HV ����������������������������������������������������������

���6LPXODWLRQ�EDVHG�VDPSOH�VL]H�LQYHVWLJDWLRQV ������������������������������������������������������������������

���7KH�SRZHU�DQG�WKH�VDPSOH�VL]H�DV�UDQGRP�YDULDEOHV��VHQVLWLYLW\�DQDO\VLV� ���������������������

���$�6$6�DSSOLFDWLRQ�IRU�WULDO�VDPSOH�VL]H�GHWHUPLQDWLRQ ���������������������������������������������������
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����0DFUR�FRPSXWLQJ�WKH�JURXS�VL]HV�ZKHQ�WKH�JURXS�YDULDQFHV�DUH�XQHTXDO �������������������

����3URJUDP�FRPSXWLQJ�WKH�JURXS�VL]HV�IRU�PRUH�WKDQ�WZR�JURXSV�ZLWK�XQHTXDO�VL]HV������

����3URJUDP�VLPXODWLQJ������SLORW�VWXGLHV�DQG�HVWLPDWLQJ�WKH�VDPSOH�VL]H�DQG�LWV�

FRQILGHQFH�LQWHUYDO�E\�SDUDPHWULF�ERRWVWUDS�����������������������������������������������������������������������
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5HDGLQJ�WKH�YDVWH�OLWHUDWXUH�RI�SRZHU�DQG�VDPSOH�VL]H�DQDO\VLV�WHFKQLTXHV�LQ�ELRVWDWLVWLFV�RQH�

PLJKW�KDYH� WKH� LPSUHVVLRQ� WKDW� WKLV� LVVXH� LV�RYHUHPSKDVL]HG��7KH�IHHOLQJ� LV�VWUHQJWKHQHG�E\�

WKH� SKHQRPHQRQ� WKDW� LI� D� FHUWDLQ� QXPEHU� RI� WULDOV� ZHUH� UXQ� LQ� WKH� VDPH� LQGLFDWLRQ� RU� LI� D�

FHUWDLQ� QXPEHU� RI� GLVFRYHU\� VWXGLHV� ZHUH� SHUIRUPHG� EDVHG� RQ� D� FRPPRQ� SKDUPDFRORJLFDO�

PHWKRGRORJ\� WKHQ� DQ\� WULDOLVW� NQRZV� ZKDW� LV� WKH� UHFRPPHQGHG� VL]H� RI� WKH� WULDO�� <HW� WKH�

ELRVWDWLVWLFLDQ� �LQIOXHQFHG� E\� WKH� H[LVWLQJ� KDUPRQL]HG� JXLGHOLQHV� DQG� WKH� LQWHUQDO� SRVLWLRQ�

SDSHUV�RI� HDFK� FRPSDQ\�GHDOLQJ�ZLWK� WULDO� DQG�H[SHULPHQW�SODQQLQJ��XVXDOO\�FDQQRW�DVVXPH�

WKH�UHVSRQVLELOLW\�RI�SURSRVLQJ�D�VDPSOH�VL]H�ZLWKRXW�DQ\�VWDWLVWLFDO�DUJXPHQWDWLRQ��EDVHG�RQO\�

RQ�WKH�³FRPPRQ�VHQVH´��

�

+RZHYHU�� WKH� LQFUHDVLQJ�QXPEHU�RI�SXEOLFDWLRQV�DERXW�SRZHU�DQG�VDPSOH�VL]H�DQDO\VLV�GRHV�

QRW� QHFHVVDULO\� PHDQ� D� FKDQJH� LQ� WKH� FRQFHSWLRQ� LWVHOI�� ,W¶V� WUXH� WKDW� WKH� FRQWLQXRXV�

GLYHUVLILFDWLRQ� RI� VWDWLVWLFDO� PHWKRGRORJLHV� LPSOLHV� D� SDUDOOHO� GLYHUVLILFDWLRQ� SURFHVV� RI� WKH�

VDPSOH� VL]H� HVWLPDWLRQ� IRUPXODH� �VLQFH� HYHU\�ZLGHO\� XVHG� VWDWLVWLFDO�PHWKRG� VKRXOG� KDYH� D�

FRUUHVSRQGLQJ� VDPSOH� VL]H� HVWLPDWLRQ� SURFHGXUH��� EXW� WKH� PDLQ� QHHG� LV� QRZ� D� NLQG� RI�

VXPPDUL]LQJ�DFWLYLW\�OHDGLQJ�WR�WKH�FKDQJH�RI�WKH�EDVLF�QRWLRQV�DQG�SUHFRQFHSWLRQV��

�

,Q� IDFW��RXU�YLHZ�DERXW� WKH�VDPSOH�VL]H� LWVHOI�KDV� WR�EH�FKDQJHG��7KH�VDPSOH�VL]H�QHHGHG� WR�

DFKLHYH� D� FHUWDLQ� SRZHU� YDULHV� LQ� IDFW� UDQGRPO\�� VLQFH� LWV� FDOFXODWLRQ� LV� EDVHG� RQ� VRPH�

REVHUYHG�YDOXHV�RI� UDQGRP�YDULDEOHV� �XVXDOO\� WKH�VDPSOH�PHDQ�DQG� WKH�YDULDQFH���7KXV� LW� LV�

SUHIHUDEOH�WR�DVVHVV�D�ZKROH�GLVWULEXWLRQ�RI�WKH�VDPSOH�VL]H�LQVWHDG�RI�FRQVLGHULQJ�LW�D�VLQJOH�

QXPEHU��

�

7KH� FRQILGHQFH� LQWHUYDO� DSSURDFK� LV� QRZ� JHQHUDOO\� DFFHSWHG� DQG� UHFRPPHQGHG� E\� DOO� WKH�

JXLGHOLQHV� DV� DQ� DGGHG� LQIRUPDWLRQ� WR� WKH� SRLQW� HVWLPDWH� RI� HDFK� SDUDPHWHU�� 7KH� VDPH�

UHFRPPHQGDWLRQ�LV�VHOGRP�PHW�IRU�SRZHU�RU�VDPSOH�VL]H�DVVHVVPHQW�LQ�VSLWH�RI�WKH�IDFW�WKDW�

WKH�QHFHVVDU\� WHFKQLTXHV�DUH�DOUHDG\�H[LVWLQJ�IRU�D� ORQJ� WLPH��$QG�HYHQ� LI� LQ�VRPH�FDVHV�QR�

FORVHG� IRUP� H[SUHVVLRQV� H[LVW� IRU� WKH� FRQILGHQFH� OLPLWV�� WKH� FRPSXWHU�LQWHQVLYH� PHWKRGV�

VHUYLQJ�WKLV�SXUSRVH�DUH�QRZ�ZLGHO\�DYDLODEOH��
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7KH�WZR�W\SH�RI�HUURUV��W\SH�,�DQG�W\SH�,,���WKH�VR�FDOOHG�³SULPLWLYH�LQSXWV´�RI�WKH�VDPSOH�VL]H�

DQDO\VLV� PD\� DOVR� EH� UHFRQVLGHUHG� DV� SHUKDSV� WKH\� DUH� OHVV� ³SULPLWLYH´� WKDQ� LW� LV� XVXDOO\�

WKRXJKW�DQG�WKHLU�FKRLFH�GRHV�QRW�QHHG�WR�EH�DXWRPDWL]HG��7KH�OHYHOV�RI����IRU�WKH�W\SH�,�DQG�

���� IRU� WKH� W\SH� ,,� HUURU� DUH� UDUHO\� FKDQJHG� DQG� HYHQ� LI� WKH\� DUH�� WKH� UHDVRQ� LV� XVXDOO\� D�

UHWURVSHFWLYH�MXVWLILFDWLRQ�RI�WKH�LQLWLDOO\�IL[HG�VDPSOH�VL]H�UDWKHU�WKDQ�D�FRQVFLRXV�SURFHVV�RI�

FKRLFH��7KH� FKRLFH� RI� WKHVH� OHYHOV� VKRXOG� GHSHQG�RQ� WKH� DLP� DQG� W\SH� RI� WKH� VWXG\� �H�J�� WR�

SURYH�HIILFDF\�RQH�QHHGV�ORZHU�W\SH�,�HUURUV�WKDQ�LQ�VDIHW\�VWXGLHV��LQ�D�VFUHHQLQJ�H[SHULPHQW�LW�

LV�PRUH� LPSRUWDQW� WR�QRW� ORVH� DQ\�HIILFLHQW�FRPSRXQG�� LQ�HDUO\�SKDVHV�RI�SUHFOLQLFDO� VWXGLHV�

XVXDOO\� WKH� W\SH� ,,� HUURU� LV� LPSRUWDQW�� ZKLOH� WKH� W\SH� ,� HUURU� PD\� EH� KLJKHU� VLQFH� WKH�

H[SHULPHQWV�JLYLQJ�³VLJQLILFDQW´�UHVXOWV�DUH�UHSHDWHG�DQ\ZD\���

�

$QG�ILQDOO\��D�QHZ�LQWHUSUHWDWLRQ�RI�WKH�HIIHFW�VL]H�PLJKW�FRPH��7KH�DQWLFLSDWHG�YDOXH�RI�WKH�

HIIHFW�VL]H�LV�XVXDOO\�UDWKHU�FDUHIXOO\�FKRVHQ�EHFDXVH�RI�WKH�EHOLHI�WKDW�D�ZHOO�FKRVHQ�HIIHFW�VL]H�

PD\�DVVXUH�WKH�VXFFHVV�RI�WKH�WULDO��%XW�VRPHWLPHV�WKH�HIIHFW�VL]H�PLJKW�FKDQJH�LQ�WLPH��DV�WKH�

RYHUDOO� KHDOWK� FRQGLWLRQ� RI� WKH� SRSXODWLRQ� DQG� WKH� LQFLGHQFH� RI� WKH� GLIIHUHQW� GLVHDVHV� LV�

FKDQJLQJ���7KLV�FKDQJH�LV�XVXDOO\�QHJOLFWDEOH�IRU�VKRUW�WULDOV�EXW�LW�PLJKW�EH�FRQVLGHUDEOH�IRU�

ORQJHU�RQHV��LQYROYLQJ�WKH�FRQFHSW�RI�HIIHFW�VL]H�DV�D�IXQFWLRQ�RI�WKH�WLPH��

�

7KH� PDLQ� SXUSRVH� RI� WKLV� VWXG\� LV� WR� SUHVHQW� D� VWUDWHJ\� IRU� VDPSOH� VL]H� HVWLPDWLRQ� WKDW�

VXEVXPHV�WKHVH�QHZ�SULQFLSOHV��

�

,Q�ZKDW�IROORZV��D�IUHTXHQWLVW�DSSURDFK�LV�DSSOLHG��$�EURDG�UDQJH�RI�PHWKRGV�VXEVXPHG�E\�WKH�

FODVVLFDO� QRUPDO�WKHRU\� PRGHOV� DUH� WUHDWHG�� WDNLQJ� WKH� XQEDODQFHG� GHVLJQV� WR� EH� WKH� QRUP�

UDWKHU� WKDQ� WKH� H[FHSWLRQ��7R�FKDUDFWHUL]H� WKH�SUHFLVLRQ�RI� D� VDPSOH� VL]H�HVWLPDWLRQ�PHWKRG�

EHORQJLQJ� WR� D� JLYHQ� VWDWLVWLFDO� SURFHGXUH� WKH� WHUP� �UHODWLYH� GLVFUHSDQF\�� ZDV� LQWURGXFHG�

�GHILQHG� DV� WKH� UHODWLYH� GHSDUWXUH� EHWZHHQ� WKH� REWDLQHG� DQG� WKH� QRPLQDO� SRZHU� RI� WKH� WHVW�

FRPSDUHG�WR�WKH�VWDQGDUG�HUURU�RI�WKH�DFWXDO�SRZHU���

�

5HYLHZLQJ�WKH�VWXGLHV�LQ�ELRORJ\��SV\FKRORJ\��PHGLFLQH�DQG�RWKHU�ILHOGV�UHO\LQJ�RQ�VWDWLVWLFDO�

LQIHUHQFH�RQH�FDQ�FRQFOXGH�WKDW�PDQ\�RI�WKHP�DUH�WRR�VPDOO��LQ�UHVSHFW�WR�WKHLU�VL]H��WR�HQVXUH�

HQRXJK�VWDWLVWLFDO�SRZHU�WR�FRQILUP�PHDQLQJIXO�HIIHFWV�>�@��>�@��7KLV�PLJKW�EH�SDUWO\�GXH�WR�WKH�

IDFW� WKDW� WKH� KRPRJHQHLW\� RI� YDULDQFHV� LV� XVXDOO\� DVVXPHG�� LJQRULQJ� WKH� SULQFLSOH� WKDW� WKH�
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VDPSOH� VL]H� FDOFXODWLRQ� PHWKRG� DQG� WKH� VWDWLVWLFDO� WHVW� XVHG� ODWHU� PXVW� UHO\� RQ� WKH� VDPH�

K\SRWKHVHV� DERXW� WKH� SRSXODWLRQ� GLVWULEXWLRQ��&KDSWHU� ��� SUHVHQWV� D�JHQHUDOLVDWLRQ� �PDGH�E\�

WKH�DXWKRU�RI� WKLV� VWXG\�>�@�� IRU�XQHTXDO�YDULDQFHV�RI� WKH�XVXDO� W�WHVW�PHWKRG�RI�VDPSOH�VL]H�

HVWLPDWLRQ��XVLQJ�6DWWHUWKZDLWH¶V�FRUUHFWLRQ��7KH�UHODWLYH�GLVFUHSDQF\�EHWZHHQ�WKH�ROG�DQG�WKH�

QHZ�PHWKRGRORJ\�LV�FRPSXWHG��

�

&KDSWHU���FRQWDLQV�DQ�H[WHQVLRQ�RI�WKH�³DOORFDWLRQ�UDWLR´��WKH�SURSRUWLRQ�RI�WZR�JURXS�VL]HV��WR�

PRUH�WKDQ�WZR�JURXSV�E\�LQWURGXFLQJ�WKH�WHUP�³VHW�RI�DOORFDWLRQ�UDWLRV´�DQG�SUHVHQWV�D�VDPSOH�

VL]H�FDOFXODWLRQ�PHWKRG��HODERUDWHG�E\�WKH�DXWKRU�RI�WKH�SUHVHQW�VWXG\�>�@��IRU�PRUH�WKDQ�WZR�

SDUDOOHO�JURXSV�ZLWK�XQHTXDO�VL]HV��

�

:KHQ�QR� FORVHG�IRUP�H[SUHVVLRQV�RU� DSSUR[LPDWLRQ�PHWKRGV�H[LVW��0RQWH�&DUOR� VLPXODWLRQ�

WHFKQLTXHV�DUH�XVHG��7KH�SULQFLSOHV�RI�VXFK�D�VLPXODWLRQ�DUH�ZRUNHG�RXW�LQ�&KDSWHU����

�

,Q�&KDSWHU���WKH�VDPSOH�VL]H�LV�QRW�UHJDUGHG�DQ\�PRUH�DV�D�FRQVWDQW�EXW�D�UDQGRP�YDULDEOH�WKH�

GLVWULEXWLRQ� RI�ZKLFK� LV� HVWLPDWHG��.QRZLQJ� WKH� GLVWULEXWLRQ� RI� WKH� VDPSOH� VL]H� HQDEOHV� WKH�

FRPSXWDWLRQ� RI� WKH� VDPSOH� VL]H� ZLWK� D� FHUWDLQ� FRQILGHQFH�� 7KH� PRVW� FRPPRQ� FRQILGHQFH�

LQWHUYDO�PHWKRGV�RI�WKH�VDPSOH�VL]H��IRU�JLYHQ�SRZHU��DUH�SUHVHQWHG��7KHVH�PHWKRGV�DUH�WKHQ�

FRPSDUHG� LQ� WHUPV�RI� WKH� FRYHUDJH� UDWHV� DQG�PHDQ� UHODWLYH�ZLGWKV��([DPSOHV�RI�SRZHU�DQG�

VDPSOH�VL]H�FDOFXODWLRQV�DUH�DOVR�SUHVHQWHG�IRU�WKH�FDVH�ZKHQ�WKH�HIIHFW�VL]H�GHSHQGV�RQ�WLPH��

�

,Q�&KDSWHU���D�6$6�DSSOLFDWLRQ��ZULWWHQ�E\�WKH�DXWKRU�RI�WKLV�VWXG\�DQG�SUHVHQWHG�DW�WKH�6$6�

&RQIHUHQFH�RI�WKH�(XURSHDQ�8VHUV�>�@��LV�GHVFULEHG�ZKLFK�WUHDWV����GLIIHUHQW�VLPSOH�PRGHOV�RI�

VDPSOH� VL]H� HVWLPDWLRQ� �IRU� D� JLYHQ� SRZHU��� ,WV� SULPDU\� DLP� LV� WR� YLVXDOL]H� WKH� GLIIHUHQW�

PHWKRGV��WKH�GHSHQGHQFH�RI�WKH�SDUDPHWHUV�RQ�HDFK�RWKHU�E\�XVLQJ�VLPSOH�JUDSKLFDO�REMHFWV��LQ�

WKH�6$6�WHUPLQRORJ\�WKH\�DUH�FDOOHG�ZLGJHWV��DV�VOLGHUV��OLVW�ER[HV��FKHFN�ER[HV��UDGLR�ER[HV��

LFRQV��KHOS�HQWULHV��HWF��

�

7KH� $SSHQGL[� FRQWDLQV� WKH� VRXUFH� FRGH� RI� WKH� PRVW� LPSRUWDQW� 6$6� SURJUDPV�� D� VKRUW�

GHVFULSWLRQ�DERXW�WKH�6$6�IXQFWLRQV�XVHG�E\�WKHP�DQG�VRPH�VFUHHQV�RI�WKH�6$6�DSSOLFDWLRQ��
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���7ZR�LQGHSHQGHQW�JURXSV��SRSXODWLRQ�YDULDQFHV�DUH�XQHTXDO�

�

�

7KH�XVXDO�PHWKRGV�RI�VDPSOH�VL]H�GHWHUPLQDWLRQ�DVVXPH�WKDW�ZLWKLQ�JURXS�YDULDQFHV�DUH�WKH�

VDPH� IRU� HDFK� JURXS� WR� EH� FRPSDUHG�� +RZHYHU�� WKHUH� DUH� VRPH� VLWXDWLRQV� ZKHQ� WKLV�

DVVXPSWLRQ� IDLOV� WR� EH� WUXH� �HYHQ� LI� WKH� WHVWV� IRU� KRPRJHQHLW\� RI� YDULDQFHV� GR� QRW� VKRZ�

VLJQLILFDQFH��� ,W�KDSSHQV�UDWKHU� IUHTXHQWO\� WKDW�YDULDQFHV� WHQG� WR�FKDQJH�ZLWK� WKH�FKDQJHV�RI�

WKH�PHDQ��2QH�RI�WKH�SRVVLEOH�VROXWLRQV�LV�WR�ILQG�D�YDULDQFH�VWDELOLVLQJ�WUDQVIRUPDWLRQ�DQG�WR�

DSSO\� WKH� XVXDO� VDPSOH� VL]H� IRUPXODV� WR� WKH� WUDQVIRUPHG� GDWD�� 7KLV� PHWKRG� KDV� WKH�

GLVDGYDQWDJH�RI��UHTXLULQJ�SUHYLRXV�HVWLPDWHV�RI�PHDQV�DQG�YDULDQFHV�IRU�WKH�WUDQVIRUPHG�GDWD��

7KH�RWKHU�VROXWLRQ�LV�WR�ILQG�D�JHQHUDOLVDWLRQ�RI�WKH�ROG�VDPSOH�VL]H�IRUPXODH�ZKLFK�LV�YDOLG�IRU�

XQHTXDO� YDULDQFHV�� 6DWWHUWKZDLWH¶V� FRUUHFWLRQ� IRU� D� OLQHDU� FRPELQDWLRQ� RI� LQGHSHQGHQW�

YDULDQFHV�>�@�HQDEOHV�VXFK�D�JHQHUDOLVDWLRQ���

�

7KHUH� DUH� PRUH�PHWKRGV� WR� SODQ� WKH� VDPSOH� VL]H� >�@�>�@� LQ� FDVH� RI� WKH� FRPSDULVRQ� RI� WZR�

PHDQV� DQG� HTXDO� ZLWKLQ�JURXS� YDULDQFHV�� (DFK� RI� WKHP� XVHV� QRUPDO� GHYLDWHV�� ZLWK� VRPH�

FRUUHFWLRQ� DSSOLHG� ZKHQ� WKH� W�WHVW� UHSODFHV� WKH� QRUPDO� DSSUR[LPDWLRQ�� 2QH� VXFK� IRUPXOD�

ZKLFK�GRHVQ¶W�QHHG�DQ\�LWHUDWLRQ�LV�JLYHQ�E\��0DFKLQ�HW�DO�>�@���
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ZKHUH�Q� LV� WKH�JURXS� VL]H� �VXSSRVLQJ�HTXDO�QXPEHU�RI� VXEMHFWV� LQ� WKH� WZR�JURXSV���D� LV� WKH�

VLJQLILFDQFH�OHYHO����E�LV�WKH�GHVLUHG�SRZHU��WKH�DQWLFLSDWHG�SRSXODWLRQ�PHDQV�DUH�� � �DQG�� � ��]� �

GHQRWHV�WKH�S
	 

�SHUFHQWLOH�RI�WKH�VWDQGDUG�QRUPDO�GLVWULEXWLRQ��ZKLOH�WKH�SRSXODWLRQ�YDULDQFHV��

DUH�HTXDO�WR�V
�
��

�

)RU�XQHTXDO�JURXS�VL]HV�ZLWK�DQ�DOORFDWLRQ�UDWLR�RI�$ Q � �Q � ��JURXS�VL]HV�DUH�JLYHQ�E\��

Q
$

Q� �

�
 

�
�DQG�� Q

$

$
Q� �

�
 

�
��ZKHUH�Q�LV�WKH�VDPSOH�VL]H�FRPSXWHG�IRU�HTXDO�VL]HG�JURXSV��

�
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*XHQWKHU�>��@�GHULYHG�D�IRUPXOD�IRU�WKH�WZR�VDPSOH�W�WHVW�ZLWK�SRROHG�YDULDQFH�HVWLPDWH�ZKHQ�

HTXDO�JURXS�VL]HV�DUH�DVVXPHG��7KLV�DSSUR[LPDWH�PHWKRG�ZDV�JHQHUDOLVHG�E\�6FKRXWHQ�>��@

IRU�XQHTXDO�JURXS�VL]HV��6FKRXWHQ¶V�UHFHQW�SDSHU�JLYHV�WKH�IROORZLQJ�HVWLPDWLRQ��
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ZKHUH� V �
�
�� V �

�
� DUH� WKH� YDULDQFHV� RI� WKH� WZR� JURXSV�� W V V �� ��

� LV� WKH� SURSRUWLRQ� RI� WKH�

YDULDQFHV�DQG�J  Q Q��� �LV�WKH�DOORFDWLRQ�UDWLR��

�

$QRWKHU�SRVVLELOLW\��JLYLQJ�DOPRVW�WKH�VDPH�UHVXOW�DV�����H[FHSW�VRPH�URXQGLQJ�GLIIHUHQFHV��LV�

WR�XVH�6WXGHQW¶V�W�YDOXHV�LQ�DQ�LWHUDWLYH�ZD\��WKDW�LV��WR�LQFUHDVH�Q�XQWLO�WKH�
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P P
��>ZKHUH�GI ��Q����IRU�HTXDO�ZLWKLQ�JURXS�YDULDQFHV@��

LQHTXDOLW\�EHFRPHV�WUXH��

�

7KH�OHDVW�YDOXH�RI�Q�ZKLFK�VDWLVILHV�WKH�DERYH�LQHTXDOLW\�LV�WKH�VDPSOH�VL]H�JURXS��7KH�XVH�RI�
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EHFRPHV�WUXH��7KH�OHDVW�YDOXH�RI�Q�ZKLFK�IXOILOV�WKH�DERYH�FULWHULRQ�LV�WKH�VL]H�RI�WKH�VHFRQG�

JURXS��Q ) ��ZKLOH�WKH�VL]H�RI�WKH�ILUVW�JURXS�LV�Q (  Q�$��

�

'LIIHUHQFHV� EHWZHHQ� WKH� UHVXOWV� REWDLQHG� DVVXPLQJ� HTXDO� YDULDQFHV� �XVLQJ� WKH� QRUPDO�

DSSUR[LPDWLRQ�PHWKRG�����DQG�WKH�SRROHG�YDULDQFH��DQG�WKRVH�REWDLQHG�E\�DVVXPLQJ�XQHTXDO�

RQHV� �DQG�XVLQJ� WKH� LWHUDWLYH�PHWKRG� ����ZLWK�6DWWHUWKZDLWH¶V�FRUUHFWLRQ��ZHUH�HYDOXDWHG� IRU�

GLIIHUHQW�YDOXHV�RI�T�DQG�$��6DPSOH�VL]HV�FRPSXWHG�ZLWK�WKH�WZR�PHWKRGV��NHHSLQJ�FRQVWDQW�

D ��������E �����_� ( �� ) _ ���DQG�V )  ����DUH�FRQWDLQHG�E\�7DEOH������)RU�WKH�DVVXPSWLRQV�RI�

7DEOH�,�WKH�VDPSOH�VL]HV�FRPSXWHG�ZLWK�6FKRXWHQ¶V�DSSUR[LPDWLRQ�>��@�ZHUH�H[DFWO\�WKH�VDPH�

DV�WKRVH�FRPSXWHG�XVLQJ�WKH�LWHUDWLYH�PHWKRG��

�

7KH� VDPSOH� VL]HV� ZHUH� WKHQ� WHVWHG� RQ� VLPXODWHG� GDWD�� 1RUPDOO\� GLVWULEXWHG� GDWD� ZHUH�

JHQHUDWHG�ZLWK�JURXS�VL]HV�Q ( �DQG�Q ) ��YDULDQFHV�T� �V )
)
�DQG�V )

)
�DQG�_� ( �� ) _ ��� � WR�WHVW�IRU�WKH�

SRZHU��DQG�ZLWK��_� ( �� ) _ ��WR�WHVW�IRU�WKH�VLJQLILFDQFH��7KH�WZR�JURXSV�ZHUH�FRPSDUHG�E\�D�W�

WHVW�ZLWK�DQG�ZLWKRXW�6DWWHUWKZDLWH¶V�FRUUHFWLRQ�������GDWDVHWV�ZHUH�JHQHUDWHG�IRU�HDFK�SRZHU�

DQG�VLJQLILFDQFH�HVWLPDWLRQ���
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*URXS�VL]HV�IRU�GLIIHUHQW�YDOXHV�RI�T�DQG�$�
��7KH�VLPXODWHG�SRZHU�DQG�WKH�VLJQLILFDQFH�RI�WKH�

W�WHVWV��ZLWK�DQG�ZLWKRXW�6DWWHUWKZDLWH¶V�FRUUHFWLRQ����
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6DWWHUWKZDLWH¶
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�)RU�PHWKRG�����UHVXOWV�ZHUH�URXQGHG�XS�WR�WKH�QHDUHVW�LQWHJHU��)RU�PHWKRG�����URXQGLQJ�ZDV�

QHFHVVDU\�RQO\�IRU�Q ( ��

�

0HWKRGV�����DQG�����JLYH�WKH�VDPH�UHVXOW�IRU�T ���)RU�HTXDO�JURXS�VL]HV��WKDW�LV��IRU�$ ���WKH�

UHVXOWV� RI� WKH� WZR� PHWKRGV� DUH� FORVH� WR� HDFK� RWKHU�� 7DEOH� ���� VKRZV� WKDW� IRU� T��� WKH� ROG�

PHWKRG� RYHUHVWLPDWHV� WKH� VDPSOH� VL]HV�ZKHQ�$��� �ZKHQ�PRUH� VXEMHFWV� DUH� DVVLJQHG� WR� WKH�

JURXS�ZLWK�ODUJHU�YDULDQFH���DQG�XQGHUHVWLPDWHV�WKHP�ZKHQ�$t���7KH�UHYHUVDO�RI�WKLV�KDSSHQV�

IRU�T!���6DPSOH�VL]HV�DUH�XQGHUHVWLPDWHG�ZKHQ�$d���ZKLOH�WKH\�DUH�RYHUHVWLPDWHG�ZKHQ�$!���

,QWXLWLYHO\�WKLV�FDQ�EH�H[SODLQHG�DV�IROORZV��KDYLQJ�D�EHWWHU�HVWLPDWH�RI�WKH�VPDOOHVW�YDULDQFH�

DQG�D�OHVV�SUHFLVH�HVWLPDWH�RI�WKH�ODUJHVW�RQH�PHDQV�IHZHU�LQIRUPDWLRQ��WKXV��OHVV�SRZHU��WKDQ�

QHHGHG�� :KLOH� HVWLPDWLQJ� WKH� ODUJHU� YDULDQFH� XVLQJ� PRUH� VXEMHFWV� PHDQV� D� JDLQ� LQ� SRZHU�

FRPSDUHG�WR�WKH�GHVLJQ�RI�HTXDO�DOORFDWLRQV��

�

6LPXODWLRQ� UHVXOWV� IURP� 7DEOH� ���� DOVR� UHIOHFW� WKDW� 6DWWHUWKZDLWH¶V� DSSUR[LPDWLRQ� JLYHV�

UHDVRQDEOH�HVWLPDWHV�RI�WKH�W\SH�,�DQG�W\SH�,,�HUURUV��6WXGHQW¶V�W�WHVW�SHUIRUPV�ZHOO�ZKHQ�$ ��

RU�T ��� EXW� VKRZV� D� FRQVLGHUDEOH� GHSDUWXUH� IURP� WKH�QRPLQDO� VLJQLILFDQFH� OHYHO� DQG�SRZHU�

ZKHQ� $� DQG� T� GLIIHU� IURP� ��� 7KH� W�WHVW� ZLWK� 6DWWHUWKZDLWH¶V� FRUUHFWLRQ� KDV� HYHQ� ODUJHU�

GHSDUWXUHV� IURP� WKH�QRPLQDO� VLJQLILFDQFH� OHYHO�DQG�SRZHU�DV�6WXGHQW¶V� W�WHVW�GRHV�ZKHQ� WKH�

VDPSOH�VL]H�LV�FRPSXWHG�ZLWK�PHWKRG�������
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7KH� W�W\SH� WHVWV� ZLWK� GLIIHUHQW� DGMXVWPHQWV� IRU� WKH� LQKRPRJHQHLW\� RI� YDULDQFHV� ZLOO� KDYH�

GLIIHUHQW�SRZHU�YDOXHV� IRU� WKH� VDPH�VDPSOH� VL]HV��)RU� LQVWDQFH��XVLQJ� WKH�GDWD� IURP�WKH� ODVW�

OLQH� RI�7DEOH� ���� �Q (  ���� Q )  ����P (  ����P )  ����V (
)
 �����V )

)
 �����D ������� WKH�SRZHU�RI�

6DWWHUWKZDLWH¶V� W�WHVW� LV������� WKH�&RFKUDQ�DQG�&R[�DSSUR[LPDWLRQ�>��@�KDV�D�SRZHU�RI�������

ZKLOH�WKH�:HOFK¶V�W�WHVW�>��@�KDV�D�SRZHU�RI���������'LIIHUHQFHV�EHWZHHQ�WKH�SRZHU�YDOXHV�RI�

WKH�YDULRXV� WHVWV� LQFUHDVH�ZKHQ�GHFUHDVLQJ� WKH� VLJQLILFDQFH� OHYHO��&KDQJLQJ� WKH� VLJQLILFDQFH�

OHYHO� WR�D ������IRU� WKH�SUHYLRXV�VWUHDP�RI�GDWD�ZH�REWDLQ��6WXGHQW�������6DWWHUWKZDLWH�������

&RFKUDQ������DQG�:HOFK��������

�

7DEOH� ���� VKRZV� WKDW� IRU� JUHDWHU� VDPSOH� VL]HV� WKH� GLVFUHSDQF\� EHWZHHQ� WKH� DSSURDFK�ZKLFK�

LJQRUHV� LQKRPRJHQHLW\�RI�YDULDQFHV�DQG�WKH�RQH�ZKLFK�WDNHV�LW� LQWR�DFFRXQW�EHFRPHV�ODUJHU��

,QFUHDVLQJ� WKH�SRZHU�DQG�GHFUHDVLQJ�WKH�VLJQLILFDQFH�OHYHO�GRHV�QRW�FKDQJH�FRQVLGHUDEO\�WKH�

UHODWLYH� GLIIHUHQFH� EHWZHHQ� WKH� WZR�PHWKRGV��7DEOH� ���� FRQWDLQV� WKH� VDPSOH� VL]HV� DQG� WKHLU�

UHODWLYH�GLIIHUHQFHV� � �Q Q Q7 7 7� 
 �IRU�GLIIHUHQW�SRZHU�DQG�VLJQLILFDQFH�OHYHOV��DVVXPLQJ�V )
)
 ����

T ����� $ ���� DQG� _� ( �� ) _ �� �Q ( � LV� WKH� VDPSOH� VL]H� RI� JURXS� �� FRPSXWHG�ZLWK�PHWKRG� �����

ZKLOH�Q ( ¶�LV�WKH�VDPH�VDPSOH�VL]H�HVWLPDWHG�ZLWK�PHWKRG�������

�

7DEOH�����

7KH�LQIOXHQFH�RI�WKH�FKRLFH�RI�SRZHU�DQG�VLJQLILFDQFH�OHYHO�RQ�WKH�UHODWLYH�GLIIHUHQFH�EHWZHHQ�

WKH�WZR�PHWKRGV�

3RZHU����� 6LJQ������ Q 5 � Q 5 ¶� � �Q Q Q7 7 7� 
 �

��� �� ���� ���� ������

��� �� ���� ���� ������

��� �� ���� ���� ������

��� �� ���� ���� ������

�

�

7KH� DERYH� H[DPSOHV� XQGHUOLQH� WKDW� LQ� IDFW� HDFK� VWDWLVWLFDO� SURFHGXUH� QHHGV� KLV� RZQ� VDPSOH�

VL]H�HVWLPDWLRQ�PHWKRG��+RZHYHU��WKHUH�DUH�VRPH�UREXVW�VDPSOH�VL]H�DSSUR[LPDWLRQ�PHWKRGV�

ZKLFK�FDQ�EH�DSSOLHG�LQ�PDQ\�FLUFXPVWDQFHV��7KLV�DULVHV�WKH�IROORZLQJ�TXHVWLRQ��KRZ�IDU�RQH�
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FDQ�JR�ZLWK�WKH�YLRODWLRQ�RI�VRPH�RI�WKH�DVVXPSWLRQV��2U��LQ�RWKHU�WHUPV��KRZ�FDQ�RQH�GHILQH�

WKH�UREXVWQHVV�RI�D�VWDWLVWLFDO�PHWKRG���

�

:H�LQWURGXFH�WKH�WHUP��UHODWLYH�GLVFUHSDQF\��EHWZHHQ�WKH�VWDWLVWLFDO�SURFHGXUH�DQG�WKH�VDPSOH�

VL]H� HVWLPDWLRQ� PHWKRG� �IRU� D� JLYHQ� VLJQLILFDQFH� OHYHO�� ZKLFK� FDQ� EH� GHILQHG� DV� IROORZV��
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��7KH�YDOXH� _S FHGBI JKFML ��S NMOQPSR NTFML _� LV�D�PHDVXUH�RI� WKH�DSSURSULDWHQHVV�RI� WKH�

VDPSOH�VL]H�HVWLPDWLRQ�PHWKRG�DVVXPLQJ�WKDW�WKH�VWDWLVWLFDO�SURFHGXUH�LWVHOI�LV�DGHTXDWH��WKDW�

LV�� LWV� QRPLQDO� DQG� DFWXDO� VLJQLILFDQFH� OHYHOV� GR� QRW� GLIIHU��� 7DEOH� ���� VKRZV� WKH� UHODWLYH�

GLVFUHSDQF\�EHWZHHQ�WKH�RUGLQDU\�W�WHVW��DVVXPLQJ�HTXDO�YDULDQFHV��DQG�WKH�WUDGLWLRQDO�VDPSOH�

VL]H� HVWLPDWLRQ� PHWKRG� �0DFKLQ� >�@�� IRU� GLIIHUHQW� DOORFDWLRQ� UDWLRV� DQG� GLIIHUHQW� YDULDQFH�

UDWLRV��IRU�D ������S FHGBI JKFML �FRPSXWHG�IURP������VLPXODWLRQV���

�

7DEOH�����5HODWLYH�GLVFUHSDQF\�YDOXHV�EHWZHHQ�WKH�RUGLQDU\�W�WHVW��DVVXPLQJ�HTXDO�YDULDQFHV��

DQG�WKH�WUDGLWLRQDO�VDPSOH�VL]H�HVWLPDWLRQ�PHWKRG�

9DU��UDWLR� $OORF��UDWLR� Q 5 � Q 6 �� $FWXDO�
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7DEOH�����VKRZV��VLPLODUO\�WR�7DEOH������WKDW�WKH�GLVFUHSDQF\�IRU�D�JLYHQ�YDULDQFH�UDWLR�LV�WKH�

VPDOOHVW�ZKHQ�WKH�DOORFDWLRQ�UDWLR�HTXDOV�WR����

�

)RU� T �� LW� LV� NQRZQ� >�@� WKDW� WKH� RSWLPDO� DOORFDWLRQ� UDWLR� �WKDW� ZKLFK� PLQLPLVHV� WKH� WRWDO�

VDPSOH�VL]H��Q ( �Q ) ��LV�$ ���6FKRXWHQ¶V�PHWKRG�RIIHUV�WKH�SRVVLELOLW\�RI�FRPSXWLQJ�WKH�RSWLPDO�

DOORFDWLRQ�UDWLR�IRU�D�JLYHQ�T��&RPSXWLQJ�WKH�ILUVW�RUGHU�GHULYDWLYH�RI�WKH�WRWDO�VDPSOH�VL]H�DV�D�

IXQFWLRQ�RI�$��DQG�NHHSLQJ�T�FRQVWDQW���LW�HTXDOV���IRU� $  T �DQG�DQDO\VLQJ�WKH�VLJQ�RI�WKH�

GHULYDWLYH�LW�IROORZV�WKDW� $  T � LV�D�PLQLPXP�SRLQW�IRU�WKH�WRWDO�VDPSOH�VL]H�1�$���)LJXUH�

���� VKRZV� WKDW� IRU�D ������ ��E ����� _� ( �� ) _ ��� V (  �� DQG� V )  ��� WKH� PLQLPXP� RI� WKH� WRWDO�

VDPSOH�VL]H�LV�DWWDLQHG�ZKHQ�$ �����

�

)LJXUH�����7KH�PLQLPXP�RI�WKH�WRWDO�VDPSOH�VL]H�LV�DWWDLQHG�IRU�$ ����ZKHQ�V ( �V ) �LV�VXSSRVHG�
WR�HTXDO�����

�

�

�

8VLQJ�6DWWHUWKZDLWH¶V�FRUUHFWLRQ�IRU�VDPSOH�VL]H�GHWHUPLQDWLRQ�>�@�PD\�LPSURYH�WKH�SODQQLQJ�

RI� H[SHULPHQWV� ZKHQ� XQHTXDO� YDULDQFHV� DUH� DQWLFLSDWHG� DQG� QR� YDULDQFH�VWDELOLVLQJ�

WUDQVIRUPDWLRQ�LV�DYDLODEOH��7KH�LWHUDWLYH�FKDUDFWHU�RI�WKH�DOJRULWKP�SUHVHQWHG�KHUH�HQDEOHV�WKH�

VXEVWLWXWLRQ�RI�6DWWHUWKZDLWH¶V�DSSUR[LPDWLRQ�ZLWK�RWKHU�PHWKRGV��&RFKUDQ�DQG�&R[��:HOFK��

HWF����
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�

,Q�D�SKDUPDFRNLQHWLF�VWXG\�DVVHVVLQJ�IRRG�HIIHFW�LQ�WZR�SDUDOOHO�JURXSV��WKHUH�ZHUH����VXEMHFWV�

IHG�DQG����VXEMHFWV�IDVWHG��$IWHU�D�VLQJOH�GRVH�DGPLQLVWUDWLRQ�RI�WKH�DFWLYH�FRPSRXQG�WR�ERWK�

JURXSV��WKH�PHDQ�DUHD�XQGHU�WKH�FXUYH�ZDV�������PJ�K�O��V�G� ������PJ�K�O��LQ�WKH�IDVWHG�DQG�

������� PJ�K�O� �V�G� ������ PJ�K�O�� LQ� WKH� IHG� JURXS�� $IWHU� WKH� DGPLQLVWUDWLRQ� RI� DQRWKHU�

IRUPXODWLRQ�RI�WKH�VDPH�FRPSRXQG�WR�WKH�VDPH�VXEMHFWV��WKH�PHDQ�DUHD�XQGHU�WKH�FXUYH�ZDV�

�����PJ�K�O� �V�G� �����PJ�K�O�� LQ� WKH� IDVWHG� DQG�������PJ�K�O� �V�G� ������PJ�K�O�� LQ� WKH� IHG�

JURXS��3ODQQLQJ� D� QHZ� VWXG\� EDVHG�RQ� WKHVH�GDWD�� D� FRHIILFLHQW�RI�YDULDWLRQ�RI������ LQ� WKH�

IDVWHG�DQG�RI�������LQ�WKH�IHG�JURXS�FDQ�EH�DVVXPHG��,I�WKH�IDVWHG�PHDQ�DUHD�XQGHU�WKH�FXUYH�

LV� ���� PJ�K�O� DQG� WKH� OHDVW� FOLQLFDOO\� UHOHYDQW� GLIIHUHQFH� LV� RI� ���� PJ�K�O�� WKH� JURXS� VL]H�

QHHGHG�LQ�FDVH�RI�HTXDO�JURXS�VL]HV�LV�RI����VXEMHFWV�JURXS�IRU�D����VLJQLILFDQFH�OHYHO�DQG�D�

SRZHU�RI������

�

,I�WKH�$8&V��DUHDV�XQGHU�WKH�FXUYH��DUH�GHHPHG�WR�EH�ORJ�QRUPDOO\�GLVWULEXWHG��DV�LW�LV�XVXDOO\�

UHFRPPHQGHG��� WKH� VDPSOH� VL]H� HVWLPDWLRQ� FDQ� DOVR� EH� SHUIRUPHG� RQ� WKH� WUDQVIRUPHG� GDWD��

XVLQJ� WKH�WUDQVIRUPDWLRQV�>��@ ZKLFK PDNH�WKH�WUDQVLWLRQ�EHWZHHQ�WKH�PHDQ�DQG�YDULDQFH�RI�

WKH�LQLWLDO�DQG�WKH�ORJ�WUDQVIRUPHG�GDWD��

O PHDQ PHDQ PHDQ PHDQ VG VGB � ORJ� � ORJ� 
 
 �� � � �� � �

DQG�

O VG PHDQ PHDQ VG VG PHDQB ORJ� 
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�ZKHUH�PHDQ�DQG�VG�DUH�WKH�VWDWLVWLFV�IRU�XQWUDQVIRUPHG�GDWD��ZKLOH� OBPHDQ�DQG�OBVG�DUH�WKH�

VWDWLVWLFV�IRU�WKH�ORJ�WUDQVIRUPHG�GDWD���

�

7KH�WUDQVIRUPHG�PHDQV�DUH��������DQG���������ZKLOH�WKH�WUDQVIRUPHG�VWDQGDUG�GHYLDWLRQV�DUH�

������� DQG� �������� UHVSHFWLYHO\�� 6R� RQ� WKH� ORJ� VFDOH� WKH� YDULDQFHV� DUH� VWLOO� YHU\� GLIIHUHQW��

5HFRPSXWLQJ�WKH�VDPSOH�VL]H�ZLWK�WKHVH�DVVXPSWLRQV�����VXEMHFWV�JURXS�DUH�QHHGHG��

�
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([DPSOH�����6QHGHFRU�DQG�&RFKUDQ�>�@��

�

7KLV� LV� D� FRQVWUXFWHG� H[DPSOH� LQ�ZKLFK� WZR�PHWKRGV� RI� HVWLPDWLQJ� WKH� FRQFHQWUDWLRQV� RI� D�

FKHPLFDO�DUH�FRPSDUHG��7KH�VWDQGDUG�PHWKRG��D�SUHFLVH�EXW�VORZ�RQH��LV�DQWLFLSDWHG�WR�JLYH�D�

PHDQ� RI� ��� DQG� D� YDULDQFH� RI� ������ 7KH� QHZ�PHWKRG��ZKLFK� LV� TXLFN� EXW� OHVV� SUHFLVH� DQG�

ZKLFK� LV� VXVSHFWHG� WR� V\VWHPDWLFDOO\� RYHU�� RU� XQGHUHVWLPDWH� FRQFHQWUDWLRQV�� LV� VXSSRVHG� WR�

KDYH�D�PHDQ�RI����DQG�D�YDULDQFH�RI��������$QDO\VLQJ�WKH�VDPSOH�VL]HV�QHHGHG�WR�KDYH�D�WHVW�

RI�����SRZHU�IRU�WKH�DERYH�GDWD�DQG�IRU�DQ�DOORFDWLRQ�UDWLR�RI������PHWKRG�����\LHOGV���DQG�����

*URXS�VL]HV�REWDLQHG�ZLWK�PHWKRG�����DUH���DQG�����

�
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���0RUH�WKDQ�WZR�SDUDOOHO�JURXSV�ZLWK�XQHTXDO�VL]HV�

�

�

,Q�FDVH�RI� WZR�JURXSV�ZKHQ� WKH�RYHUDOO�VDPSOH�VL]H�LV�NHSW�FRQVWDQW� WKH�PD[LPXP�SRZHU�LV�

DFKLHYHG�IRU�HTXDO�QXPEHU�RI�HOHPHQWV�LQ�HDFK�JURXS��+RZHYHU��LW�PD\�KDSSHQ�WKDW�IRU�VRPH�

UHDVRQV� �D� UDUH� GLVHDVH�� D� YHU\� H[SHQVLYH� FRPSRXQG�� XQHTXDO� JURXS� VL]HV� DUH� SUHIHUUHG��

$GMXVWPHQWV� IRU� WZR� JURXSV� DUH� NQRZQ�� )RU� PRUH� WKDQ� WZR� JURXSV� WKH� QRQFHQWUDO� )�

GLVWULEXWLRQ� FDQ�EH�XVHG�� ,W� QHHGV�RQO\� D�QDWXUDO�H[WHQVLRQ�RI� WKH� UHODWLRQ�ZKLFK�GHILQHV� WKH�

QRQFHQWUDOLW\�SDUDPHWHU��7KH�PD[LPXP�HIILFLHQF\�LV�QRW�DQ\�PRUH�DWWDLQHG�ZKHQ�JURXS�VL]HV�

DUH�HTXDO��

�

7KH�PHWKRG�GHVFULEHG�LQ�)OHLVV�>��@��SS����������LV�EULHIO\�WKH�IROORZLQJ��

)RU�J�SDUDOOHO�JURXSV�VXSSRVHG�WR�KDYH�D�QRUPDO�GLVWULEXWLRQ�DQG�HTXDO�PHDQV��P (  �P )  ��� P[ ��

ZLWK�Q�VXEMHFWV� LQ�HDFK�� WKH�UDWLR�RI�PHDQ�VTXDUHV�IURP�WKH�DQDO\VLV�RI�YDULDQFH�WDEOH��PHDQ�

VTXDUH� EHWZHHQ� JURXSV�PHDQ� VTXDUH� ZLWKLQ� JURXSV�� IROORZV� D� FHQWUDO�)� GLVWULEXWLRQ� KDYLQJ�

WZR�SDUDPHWHUV��WKH�GHJUHHV�RI�IUHHGRP�RI�WKH�QXPHUDWRU�DQG�WKDW�RI�WKH�GHQXPHUDWRU��

:KHQ� WKH� QXOO� K\SRWKHVLV� LV� UHMHFWHG�� WKXV� WKHUH� DUH� DW� OHDVW� WZR�GLIIHUHQW� JURXS�PHDQV�� WKH�

UDWLR� PHQWLRQHG� DERYH� KDV� D� QRQFHQWUDO� )�GLVWULEXWLRQ�� ZKLFK� DOVR� GHSHQGV� RQ� D� WKLUG�

SDUDPHWHU��WKH�QRQFHQWUDOLW\�SDUDPHWHU��7KLV�SDUDPHWHU�LV�GHILQHG�DV�EHLQJ��
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Jc �DQG�V�LV�WKH�FRPPRQ�YDULDQFH�RI�WKH�JURXSV��7R�DFKLHYH�D�SRZHU�RI���E�

ZKLOH� WKH� VLJQLILFDQFH� OHYHO� LV� D�� ZH� KDYH� WR� LQFUHDVH� Q� XQWLO� ZH� ILQG� WKDW�
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Erts rps �! t � � �Q u  J����Q v  QJ�J���6FKHIIp� >��@� �SS���������JLYHV� D� IRUPDO�

GHILQLWLRQ� RI� WKH� QRQFHQWUDO� )� GLVWULEXWLRQ�� ZKLOH� /DXEVFKHU� >��@� JLYHV� D� JRRG� QRUPDO�

DSSUR[LPDWLRQ�WR�WKH�VTXDUH�URRW�RI�D�QRQFHQWUDO�)�YDULDWH��

�

,Q� FDVH� RI� XQHTXDO� JURXS� QXPEHUV� OHW� Q u �� Q v ������ Qw � GHQRWH� WKH� QXPEHU� RI� HOHPHQWV� LQ� HDFK�

JURXS��:H�GHILQH�WKH�VHW�RI�DOORFDWLRQ�UDWLRV�DV��U u �U v �����Uw ��ZLWK�Q u  U u Qw ��Q v  U v Qw ������QwMxyu  UwMx

u Qw �DQG�Uw  �� >�@��/HW� P z �GHQRWH�WKH�RYHUDOO�PHDQ�RI�WKH�ZKROH�VDPSOH��WKDW�LV�WKH�ZHLJKWHG�
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PHDQ�RI�WKH�JURXS�PHDQV�P u �P v ����Pw �ZLWK�ZHLJKWLQJ�IDFWRUV�U u �U v �����Uw ��6FKHIIp¶V�GHILQLWLRQ�IRU�

WKH� QRQFHQWUDOLW\� SDUDPHWHU� VD\V�� ³,I� LQ� WKH� VXP� RI� VTXDUHV� LQ� WKH� QXPHUDWRU� RI� )� HDFK�

REVHUYDWLRQ� LV� UHSODFHG� E\� LWV� H[SHFWHG� YDOXH� XQGHU� :� �:� GHQRWHV� WKH� XQGHUO\LQJ�

DVVXPSWLRQV���WKH�UHVXOW�LV�V
v
G
v
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$OO� WKH�UHVW�RI�WKH�UDWLRQDOH�UHPDLQV�WKH�VDPH�DV�GHVFULEHG�IRU�WKH�HTXDO�JURXS�QXPEHUV��)RU�

Q u  Q v  ��� Qw  Q��WKDW�LV��U u  U v  ��� Uw  ��������UHGXFHV�WR������

�

.HHSLQJ�WKH�RYHUDOO�VDPSOH�VL]H�FRQVWDQW�� Q N�
�
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�¦  � ��WKH�PD[LPXP�SRZHU�LV�DFKLHYHG�ZKHQ�G�

LV� DV� JUHDW� DV� SRVVLEOH�� 7R� REWDLQ� WKH� PD[LPXP� SRLQW� RI� G� WKH� SDUWLDO� GHULYDWLYHV� RI� LWV�

QXPHUDWRU�XQGHU�WKH�DERYH�FRQGLWLRQ�ZHUH�FDOFXODWHG��

�

7KH�QXPHUDWRU�RI�WKH�VTXDUHG�QRQFHQWUDOLW\�SDUDPHWHU�LV�
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7KXV� DV� 6LQJHU� SRLQWHG� RXW� LQ� >�@� �� LI� QR� FRQVWUDLQWV� DUH� DGGHG� �� G� KDV� DQ� H[WUHPH� LI� WKH�

DQWLFLSDWHG�PHDQV�RI��J����JURXSV�DUH�HTXDO�DQG�RQH�RI�WKHP�LV�GLIIHUHQW��,Q�WKLV�FDVH�WKH�VL]H�

RI� WKH� JURXS� ZLWK� GLIIHUHQW� PHDQ� KDV� WR� EH� D� KDOI� RI� WKH� WRWDO� VDPSOH� VL]H� WR� REWDLQ� WKH�

PD[LPXP� RI� WKH� QRQFHQWUDOLW\� SDUDPHWHU� �WKXV�� PD[LPXP� SRZHU��� 7KLV� LV� QRW� WKH� RQO\�

VROXWLRQ��DV�ZH�FDQ�VHH�LQ�)LQQH\¶V�>��@�H[DPSOH�LQ�ZKLFK�SDLUZLVH�FRPSDULVRQV�DUH�DVVHVVHG�

LQVWHDG�RI�JOREDO�VLJQLILFDQFH��

0RUH� WHVW� SUHSDUDWLRQV� DUH� FRPSDUHG� WR� WKH� VDPH� VWDQGDUG� LQ� D� SDUDOOHO� OLQH� DVVD\� DQG� ³WKH�

SRVVLELOLW\� RI� JDLQLQJ� LQ� HIILFLHQF\� E\� XQHTXDO� GLVWULEXWLRQ�PXVW� EH� ERUQH� LQ�PLQG´��)LQQH\�

>��@�VHDUFKHV�IRU�WKH�RSWLPDO�DOORFDWLRQ�PLQLPL]LQJ�WKH�YDULDQFH�RI�ORJ�SRWHQF\��WKH�KRUL]RQWDO�

GLVWDQFH� EHWZHHQ� WKH� FRQWURO� DQG� D� WHVW� SUHSDUDWLRQ� OLQH� ZKHQ� GRVH�UHVSRQVH� FXUYHV� DUH�

DVVHVVHG�� ZKLFK� LV� DSSUR[LPDWHO\� SURSRUWLRQDO� WR� WKH� YDULDQFH� RI� WKH� GLIIHUHQFH� EHWZHHQ�

PHDQV��ZKLOH�PDNLQJ�QR�K\SRWKHVLV�RQ� WKH�DQWLFLSDWHG�JURXS�PHDQV��)RU�D� IL[HG�QXPEHU�RI�

VXEMHFWV�ZKHUH�RQO\�RQH�UHVSRQVH�SHU�VXEMHFW�FDQ�EH�PHDVXUHG�DQG��J����RI�WKH�J�JURXS�VL]HV�

DUH�HTXDO��Q Ñ ��J����Q Ò  N�DQG�Q Ò  Q Ó  ��� QÔ ���WKH�YDULDQFH�RI�WKH�GLIIHUHQFH�EHWZHHQ�WKH�FRQWURO�

DQG� D� WHVW� PHDQ� LV� SURSRUWLRQDO� WR� ��Q Ñ ���Q Ò �� 7KLV� � H[SUHVVLRQ� � KDV� D� PLQLPXP� LI�

Q Q JÕ Ö � � � � RU� LI� Q Ñ  N��� DQG� Q Ò  N���J���� �WKLV� ODWWHU� VROXWLRQ� LV� WKH� VDPH� DV� WKH� RQH�

PHQWLRQHG�DERYH���

�
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)RU� J �� ERWK� FDVHV� PHDQ� H[DFWO\� Q Ñ  Q Ò �� 7KXV� HTXDO� JURXS� QXPEHUV� FRQVWLWXWH� LQGHHG� DQ�

RSWLPDO�GHVLJQ�IRU�WZR�JURXSV��EXW�QRW�IRU�PRUH�WKDQ�WZR�JURXSV��

�

&RPLQJ�EDFN�WR�WKH�JHQHUDO�FDVH��ZLWKRXW�ORVV�RI�JHQHUDOLW\�P Ñ dP Ò d���dPÔ FDQ�EH�DVVXPHG��7KH�

PD[LPXP� RI� WKH� QRQFHQWUDOLW\� SDUDPHWHU� ZLOO� WKHQ� EH� G
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VDPH�DV�WKDW�REWDLQHG�IRU�DOORFDWLRQ�UDWLRV������������� �EXW� WKLV�VHW�RI�UDWLRV�LQYROYHV�RQO\�WZR�

JURXSV�� VR� LW� LV� QRW� D� VHQVLEOH� GHVLJQ��� 7KLV� DSSURDFK� DQVZHUV� RQO\� WKH� TXHVWLRQ� RI� JOREDO�

VLJQLILFDQFH�DQG�GRHV�QRW�VROYH�WKH�SUREOHP�RI�GLIIHUHQW�FRQWUDVWV��)RU�IXUWKHU� LQYHVWLJDWLRQV�

6FKHIIp� >��@� UHFRPPHQGV� ³WR� DVN� ZKHWKHU� WKH� FRQILGHQFH� LQWHUYDOV� IRU� WKH� TXDQWLWLHV� RI�

LQWHUHVW�ZLOO�EH�VXIILFLHQWO\�QDUURZ´��

�
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([DPSOHV�

�

)RU� JLYHQ� D�� E�� P Þ V� DQG� U ß V� �L ��������J�� QÔ � ZDV� LQFUHDVHG� XQWLO� WKH� LQHTXDOLW\�
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���7KH�ILUVW�H[DPSOH��SUHVHQWHG�E\�'D\�DQG�*UDKDP�>��@���������FRPSDUHV�WKH�PHDQ�GLDVWROLF�

EORRG� SUHVVXUH� RI� WKUHH� JURXSV�� 7KH� DQWLFLSDWHG� PHDQV� DUH� ���� PP+J�� ��� PP+J� DQG� ���

PP+J��WKH�FRPPRQ�VWDQGDUG�GHYLDWLRQ�LV���PP+J��7KH�VLJQLILFDQFH�OHYHO�LV�������WKH�SRZHU�

LV� SODQQHG� WR� EH� ���� �� 7KH� VDPSOH� VL]H� REWDLQHG� RQ� WKH� SURSRVHG� QRPRJUDP� LV� RI� ���

SDWLHQWV�JURXS��HTXDO�JURXS�QXPEHUV���

�

7U\LQJ� WKH� DERYH� PHWKRG� ZLWK� WKH� VDPH� PHDQV� DQG� FRPPRQ� VWDQGDUG� GHYLDWLRQ� DQG� WKH�

DOORFDWLRQ� UDWLRV� ��� �� DQG� ��ZH�REWDLQ�G ����� DQG� D� WRWDO� VDPSOH� VL]H� RI� ���� GLVWULEXWHG� LQ�

WKUHH�JURXSV�DV��������DQG�����,Q�FDVH�RI�HTXDO�QXPEHUV�D�WRWDO�VDPSOH�VL]H�RI������ZRXOG�KDYH�

EHHQ�VXIILFLHQW��,I�ZH�FKRRVH�WKH�DOORFDWLRQ�UDWLRV�WR�EH��������WKH�VDPSOH�VL]HV�DUH������������D�

WRWDO� RI� ���� ZKLFK� LV� OHVV� WKDQ� WKDW� REWDLQHG� IRU� HTXDO� JURXS� QXPEHUV� ������� 3XWWLQJ� WKH�

FRQGLWLRQ�RI�Q ðt��IRU�L ������WKH�PLQLPXP�RI�WRWDO�VDPSOH�VL]H�LV�����JURXS�VL]HV������������RU�

����������DQG�D�QRQFHQWUDOLW\�RI��������EXW�WKLV�LV�D�UDWKHU�GLVSURSRUWLRQDWH�GHVLJQ���:LWKRXW�WKH�
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FRQGLWLRQ�Q ðt��IRU�L ������WKH�PLQLPDO�VL]H�LV�������� ���DQG�WKLV�LV�LQ�DFFRUGDQFH�ZLWK�WKH�

UHVXOW�³IHOW´�LQWXLWLYHO\��WKH�ODUJHU�DUH�WKH�ZHLJKWV�SXW�RQ�WKH�H[WUHPHV�RI�WKH�JURXS�PHDQV�WKH�

JUHDWHU�LV�WKH�YDOXH�RI�WKH�QRQFHQWUDOLW\���7R�REWDLQ�D�VHQVLEOH�RSWLPDO�GHVLJQ�VRPH�FRQVWUDLQWV�

DUH�QHHGHG��

�

6XEPLWWLQJ� WKH� WHVW� SURJUDP� IRU� ����� VWUHDP�RI�GDWD� WKH� IROORZLQJ� UHVXOWV� �7DEOH������ZHUH�

REWDLQHG��

�

7DEOH������

�

*URXS�VL]HV�

7RWDO�

VDPSOH�

VL]H�

�

*URXS�PHDQV��PP+J��

1XPEHU�RI�

VLJQLQILFDQW�

$129$V�
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��� ���� ��� ��� ���� ����� ����� ����

��� ���� ��� � ���� ���� ���� ��

�

�7KHVH�QXPEHUV�ZHUH�REWDLQHG� IRU� VHHG �����������������������'XH� WR� WKH�GHILQLWLRQ�RI� WKH�

UDQQRU� SURFHGXUH� E\� FKRRVLQJ� WKH� VDPH� SRVLWLYH� VHHG� WKH� VDPH� VWUHDPV� RI� YDULDWHV� FDQ� EH�

JHQHUDWHG�DJDLQ���

�

���$Q�H[DPSOH�ZLWK�IRXU�JURXSV�LV�JLYHQ�E\�)OHLVV�>��@���7KH�IRXU�DQWLFLSDWHG�PHDQV�DUH��������

���� ��� DQG� �������� 7KH� VWDQGDUG� GHYLDWLRQ� ZLWKLQ� HDFK� JURXS� LV� H[SHFWHG� WR� EH� ��� WKH�

VLJQLILFDQFH� OHYHO� LV� ����� DQG� WKH� SRZHU� RI� WKH� WHVW� ����� )RU� HTXDO� JURXS� VL]HV� WKH� UHTXLUHG�

VDPSOH� VL]H� SHU� JURXS� LV� ���� 8QGHU� WKH� FRQGLWLRQ� WKDW� HDFK� JURXS� KDV� DW� OHDVW� WKUHH�

REVHUYDWLRQV� WKH� RSWLPDO� DOORFDWLRQ� UDWLRV� DUH� �������� �IRU� JURXS� VL]HV� ���� ��� ��� ��� WKH�

QRQFHQWUDOLW\�LV�������DQG�WKH�SRZHU�LV���������WKH�WRWDO�VL]H�RI����FRXOG�EH�UHGXFHG�WR�����7KH�

FXPXODWLYH� FHQWUDO� DQG� QRQFHQWUDO� )� GLVWULEXWLRQV� IRU� WKLV� ODWWHU� FDVH� �Q ê  �� DQG� Q ñ  ����
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G �������DUH�VKRZQ�RQ�)LJ��������&DOFXODWLQJ�WKH�)�YDOXHV�FRUUHVSRQGLQJ�WR�WKH�GDVKHG�OLQHV�

ZH�ILQG�) òKó ôöõ ������� �����DQG�)
÷MøQ÷HùBú
òKó ôöõBó òTû õQòTò ������� �������

�

)LJXUH������

�

&XPXODWLYH� FHQWUDO� DQG� QRQFHQWUDO� �QRQFHQWUDOLW\ ������� )� GLVWULEXWLRQV� ZLWK� GHJUHHV� RI�

IUHHGRP���DQG�����)RU� [� YDOXHV� OHVV� WKDQ������� WKH�QXOO� K\SRWKHVLV� LV�QRW� UHMHFWHG�EHFDXVH�

)FHQWUDO�[�������� 7KH� FRUUHVSRQGLQJ� DUHD� XQGHU� WKH� QRQFHQWUDO�)�GLVWULEXWLRQ� LV�������� WKXV�

WKH�SRZHU�LV��������
�

�

�

�

��� )RU� WZR� JURXSV� ZH� KDYH� WR� REWDLQ� WKH� VDPH� UHVXOW� ZKLFK� LV� JLYHQ� E\� WKH� IRUPXODV�

Q
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� �
��6XFK�D�ZRUNHG�H[DPSOH��GXH�WR�*RGIUH\�

HW�DO��LV�SUHVHQWHG�E\�&DPSEHOO��-XOLRXV�DQG�$OWPDQ�>��@���������7KH�EORRG�SUHVVXUH�RI�SHRSOH�

ZKR�KDYH�QR�ZKRUOV�RQ� WKHLU�ILQJHU� LV�FRPSDUHG�ZLWK�EORRG�SUHVVXUH�RI�SHRSOH�ZKR�KDYH�DW�

OHDVW�RQH�ZKRUO��/HW���+JPP�EH�WKH�PLQLPXP�FOLQLFDOO\�DFFHSWHG�GLIIHUHQFH�DQG�WKH�VWDQGDUG�

GHYLDWLRQ�ZLWKLQ� HDFK� JURXS� LV� DVVXPHG� WR� EH� ���+JPP��:H�ZRXOG� H[SHFW� WR� UHFUXLW� WZR�

SHRSOH� ZLWK� ZKRUOV� IRU� HYHU\� RQH� SHUVRQ� ZLWK� QR� ZKRUOV�� 7KH� VDPSOH� VL]HV� WR� GHWHFW� WKLV�

�

FHQWUDO�

QRQFHQWUDO�
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GLIIHUHQFH�ZLWK�D�WZR�VLGHG�VLJQLILFDQFH�OHYHO�RI����DQG�D�SRZHU�RI�����ZLOO�EH�����DQG������

UHVSHFWLYHO\� �FDOFXODWHG� E\� WKH� RULJLQDO� IRUPXOD� IRU� WZR� QRUPDO� GLVWULEXWLRQV� PHQWLRQHG�

EHIRUH���7KH�DSSUR[LPDWH�VDPSOH�VL]HV�IRU�WKH�VWDQGDUGLVHG�GLIIHUHQFH�G ����|����UHDG�IURP�

WKH�WDEOH�SUHVHQWHG�LQ�WKH�VDPH�SDSHU�DUH�����DQG������:KLOH�XVLQJ�WKH�PHWKRG�EDVHG�RQ�WKH�)�

GLVWULEXWLRQ�ZH�REWDLQ�D�QRQFHQWUDOLW\�RI������DQG�VDPSOH�VL]HV�RI�����DQG�������

�

7KXV�IRU� WZR�JURXSV� WKLV�H[WHQVLRQ�JLYHV� WKH�VDPH�UHVXOW�DV� WKH�NQRZQ�IRUPXODH�� ,Q�FDVH�RI�

WZR�JURXSV�DQG�IRU�IL[HG�RYHUDOO�VDPSOH�VL]H�WKH�PD[LPXP�SRZHU�LV�DWWDLQHG�ZKHQ�JURXSV�DUH�

HTXDOO\�VL]HG��ZKLOH�LQ�FDVH�RI�PRUH�WKDQ�WZR�JURXSV�D�JHQHUDO�VROXWLRQ�IRU�WKH�VDPH�SUREOHP�

FDQQRW� EH� IRXQG� �EXW� WKHUH� H[LVW� DOORFDWLRQ� UDWLRV� ZKLFK� JLYH� JUHDWHU� SRZHU� WKDQ� WKH� HTXDO�

RQHV���6HQVLEOH�FRQVWUDLQWV�DUH�QHFHVVDU\�WR�REWDLQ�IHDVLEOH�VDPSOH�VL]HV��

�
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���6LPXODWLRQ�EDVHG�VDPSOH�VL]H�LQYHVWLJDWLRQV�

�

�

7KHUH� DUH� RFFDVLRQDO� VLWXDWLRQV�ZKHUH� SRZHU� DQG� VDPSOH� VL]H� HTXDWLRQV� RU� VRIWZDUH� GR� QRW�

H[LVW�� � ,Q� VXFK� VLWXDWLRQV�� WKH� SRZHU� RU� VDPSOH� VL]H� FDQ� EH� FRPSXWHG� ZLWK� 0RQWH� &DUOR�

VLPXODWLRQ�WHFKQLTXHV���7KLV�VHFWLRQ�GHVFULEHV�VRPH�VLWXDWLRQV�ZKHUH�VLPXODWLRQ�EDVHG�SRZHU�

DQG�VDPSOH�VL]H�FDOFXODWLRQV�DUH�D�QHFHVVDU\�RU�XVHIXO�DOWHUQDWLYH��DQG�SURYLGHV�JXLGHOLQHV�IRU�

FRQGXFWLQJ�VXFK�FDOFXODWLRQV�����

�

6LPXODWLRQ�EDVHG�PHWKRGV�DUH�D�XVHIXO�DOWHUQDWLYH�ZKHQHYHU�WKH�SRZHU�HTXDWLRQ�IRU�WKH�GDWD�

DQDO\VLV�GHFLVLRQ� SURFHGXUH� RI� LQWHUHVW� LV� QRW� DQDO\WLFDOO\� WUDFWDEOH�� VR� QR� FORVHG�IRUP�

H[SUHVVLRQV�DQG�QR�DSSUR[LPDWLRQ�EDVHG�VRIWZDUH�H[LVW���6XFK�VLWXDWLRQV�RFFXU�LQ�FDVH�RI�����

PXOWL�VWHS� GDWD� DQDO\VLV�GHFLVLRQ� SURFHGXUHV� �VXFK� DV� VRPH� PXOWLSOH� FRPSDULVRQ� WHVWV�� DQG�

VRPH� DQDO\WLFDO� WHVWV� IRU� GUXJ� PDQXIDFWXUH�� UHOHDVH�� DQG� VWDELOLW\��� ��� PXOWL�SDUW� GDWD�

DQDO\VLV�GHFLVLRQ� SURFHGXUHV� �VXFK� DV�PXOWLSOH� HQGSRLQWV� OLNH�$8&�DQG�&PD[�� RU� LQIHUHQFH�

DERXW� ERWK� PHDQV� DQG� YDULDQFHV��� DQG� ��� YDULRXV� DG� KRF� GDWD� DQDO\VLV�GHFLVLRQ� SURFHGXUHV�

�VXFK� DV� WKRVH� EDVHG� RQ� SHUFHQW� FRQIRUPLQJ� RI� LQGLYLGXDO� REVHUYDWLRQV� LQ� ELRDQDO\WLFDO�

YDOLGDWLRQ��DQG�DOVR�LQ�VRPH�DQDO\WLFDO�WHVWV�IRU�GUXJ�PDQXIDFWXUH��UHOHDVH��DQG�VWDELOLW\���

�

6HFRQGO\��VLPXODWLRQ�EDVHG�PHWKRGV�DUH�D�QHFHVVDU\�DOWHUQDWLYH�ZKHQHYHU�WKH�DVVXPSWLRQV�RI�

WKH�GDWD�DQDO\VLV�GHFLVLRQ�SURFHGXUH�RI�LQWHUHVW�DUH�OLNHO\�WR�EH�YLRODWHG���,Q�VXFK�VLWXDWLRQV��WKH�

XVXDO� VDPSOH� VL]H� HVWLPDWLRQ� PHWKRGV� DQG� VRIWZDUHV� PD\� JLYH� UHVXOWV� IDU� IURP� WKH� DFWXDO�

YDOXHV��$GGLWLRQDOO\��WKH�UREXVWQHVV�RI�WKH�W\SH�,�HUURU�DJDLQVW�GHYLDWLRQV�IURP�WKH�DVVXPSWLRQV�

FDQ� EH� GHWHUPLQHG�� � ([DPSOHV� RI� VXFK� DVVXPSWLRQ� GHYLDWLRQV� LQFOXGH� ��� VPDOO�PRGHUDWH�

VDPSOH� VL]HV� IRU� DV\PSWRWLF� VWDWLVWLFDO� SURFHGXUHV�� ��� GHSDUWXUHV� IURP� WKH� GLVWULEXWLRQ� IRUP�

�VXFK�DV�QRQ�QRUPDOLW\���DQG����GHSDUWXUHV�IURP�YDULDQFH�VWUXFWXUH�DVVXPSWLRQV��VXFK�DV�QRQ�

KRPRJHQHLW\��QRQ�LQGHSHQGHQFH��DQG�KLHUDUFKLFDO�YDULDQFH�FRPSRQHQWV�����

�

7KLUGO\��VLPXODWLRQ�EDVHG�PHWKRGV�PD\�JLYH�EHWWHU�UHVXOWV�WKDQ�WKH�WUDGLWLRQDO�PHWKRGV�ZKHQ�

WKH� ODWWHU� RQHV� DUH� EDVHG� RQ� DSSUR[LPDWLRQ� IRUPXODH�� ZKLFK� PD\� QRW� EH� YHU\� JRRG� LQ� WKH�

VLWXDWLRQ�RI�LQWHUHVW��VXFK�DV�VPDOO�RU�PRGHUDWH�VDPSOH�VL]HV���

�
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$IWHU� SUHVHQWLQJ� VR� PDQ\� DSSOLFDWLRQV� RI� WKH� VLPXODWLRQ� RQH� PD\� DVN� ZKHWKHU� LW� KDV� DQ\�

FRQWUDLQGLFDWLRQV�� ,Q� IDFW�� D� VLWXDWLRQ�ZKHQ� WKH� VLPXODWLRQ�EDVHG�PHWKRG� JLYHV�ZRUVH� UHVXOW�

WKDQ�WKH�WUDGLWLRQDO�RQH�LV�KDUG�WR�LPDJLQH��+RZHYHU��WKHUH�DUH�PDQ\�VLWXDWLRQV�ZKHQ�LW�GRHV�

QRW�KDYH�DQ\�DGYDQWDJH�FRPSDUHG�WR�WKH�RWKHU�PHWKRGV�DQG�VR�LW�LV�QRW�ZRUWK�DSSO\LQJ��

�

6WHSV�WR�FRQGXFW�D�VLPXODWLRQ�VWXG\�IRU�SRZHU�RU�VDPSOH�VL]H�FDOFXODWLRQV�

�

6LWXDWLRQV�ZKHUH� VLPXODWLRQ�EDVHG� VDPSOH� VL]H� FDOFXODWLRQV� DUH� XVHG� FDQ� EH� TXLWH� FRPSOH[���

$OWKRXJK�HDFK�VLWXDWLRQ�KDV�LWV�RZQ�XQLTXH�FRPSOH[LWLHV��D�JHQHUDO�VHW�RI�EDVLF�UHFRPPHQGHG�

VWHSV�FDQ�EH�VSHFLILHG���

�

3ODQQLQJ�

�

6HOHFW� WKH� SULPDU\� YDULDEOHV�� WKH� H[SHULPHQWDO� GHVLJQ�� WKH� VWDWLVWLFDO� PHWKRG� DQG� WKH�

SDUDPHWHUV��YDULDELOLW\��HIIHFWV��HUURU�ULVNV�D�DQG�E��DFFRUGLQJ�WR�WKH�VWXG\�SODQ��OLNH�IRU�DQ\�

WUDGLWLRQDO�VDPSOH�VL]H�HVWLPDWLRQ���

�

3URJUDPPLQJ�

�

����6SHFLI\�WKH�SUREDELOLW\�GLVWULEXWLRQ�RI�WKH�RXWFRPH�YDULDEOH�IRU�HDFK�WUHDWPHQW�SRSXODWLRQ��

DQG�WKH�SURJUDP�IXQFWLRQ�WR�JHQHUDWH�WKHVH�UDQGRP�HUURUV��H�J���WKH�6$6�5$1125�IXQFWLRQ�

WR�JHQHUDWH�UDQGRP�1������HUURUV���

�

��� � 6SHFLI\� WKH� VWDWLVWLFDO� PRGHO� DQG� LWV� SDUDPHWHU� YDOXHV� �IL[HG� HIIHFWV�� UDQGRP� HIIHFWV��

YDULDQFH�VWUXFWXUH���

�

��� �6SHFLI\� WKH�VDPSOH�VL]HV� IRU�HDFK�JURXS��WKHVH�YDOXHV�VKRXOG�EH�UHJDUGHG�DV�D�PLQLPXP�

VL]H���

�

����*HQHUDWH�UDQGRP�GDWD�DFFRUGLQJ�WR�WKH�FRQGLWLRQV�LQ�VWHSV������DQG�UHSHDW�LQ�D�'2�ORRS�IRU�

D�WRWDO�RI�1�H[SHULPHQWV���1�VKRXOG�EH�FKRVHQ�GHSHQGLQJ�RQ�WKH�GHVLUHG�VWDQGDUG�HUURU�RI�WKH�

SRZHU��XVLQJ�WKH�IRUPXOD��
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 ���� ��� � 8VH� UDQGRP� VHHGV� ZKLFK� DOORZ� YHULILFDWLRQ� RI� \RXU� UHVXOWV� DW� D�

ODWHU�WLPH��H�J���LQ�6$6�XVH�WKH�5$1125�IXQFWLRQ�LQLWLDOL]HG�ZLWK�D�SRVLWLYH�VHHG�UDWKHU�WKDQ�

WKH����WLPH�FORFN��VHHG���VHH�6$6��/DQJXDJH��5HIHUHQFH��&KDSWHU������

�

����3HUIRUP�WKH�VWDWLVWLFDO�DQDO\VLV�RI�WKH�GDWD�JHQHUDWHG��DQG�VDYH�WKH�S�YDOXHV��IRU�HDFK�RI�WKH�

1�VWUHDPV�RI�GDWD���&RPSXWH�WKH�SRZHU�� �SURSRUWLRQ�RI�WKH�1�VLPXODWHG�H[SHULPHQWV�ZKHUH�

WKH�GHVLUHG�FRQFOXVLRQ�ZDV�UHDFKHG���

�

��� � ,I� WKH� FRPSXWHG� SRZHU� LV� OHVV� WKDQ� WKH� SUHVFULEHG� OHYHO�� WKHQ� LQFUHDVH� WKH� JURXS� VL]H�

DFFRUGLQJO\��DQG�UHSHDW�VWHSV������

�

����,I�WKH�SRZHU�KDV�DWWDLQHG�WKH�SUHVFULEHG�OHYHO��WKHQ�WKH�VDPSOH�VL]H�LV�VXIILFLHQW��

�

��� � ,I� WKH� SRZHU� H[FHHGV� FRQVLGHUDEO\� WKH� SUHVFULEHG� OHYHO�� WKHQ� WKH� JURXS� VL]HV� FDQ� EH�

GHFUHDVHG��DQG�VWHSV�����UHSHDWHG��

�

6$6�VSHFLILF�SLHFHV�RI�DGYLFH�IRU�SURJUDPPLQJ��

���6WRUH�HDFK�RI�WKH�1�H[SHULPHQWV�LQ�WKH�VDPH�GDWDVHW��

���:KHQ�SRVVLEOH��FRGH�VWDWLVWLFDO�SURFHGXUHV�ZLWKLQ�WKH�'2�ORRSV�UDWKHU�WKDQ�H[HFXWLQJ�

IRUPDO�352&V���

��� :KHQ� SRVVLEOH�� JHQHUDWH� QHFHVVDU\� VWDWLVWLFV� LQVWHDG� RI� DFWXDO� REVHUYDWLRQ� �D�

SHUIRUPDQFH�DQDO\VLV�ZDV�GRQH�DQG�LW�\LHOGHG�WKDW�JHQHUDWLQJ�GLUHFWO\�WKH�VWDWLVWLFV�LQVWHDG�

RI�LQGLYLGXDO�YDOXHV���ZKHUH�SRVVLEOH���PHDQV�D�FRQVLGHUDEO\�OHVV�UXQWLPH��

���6XSSUHVV�RXWSXW�WR�/2*�DQG�287387�ZLQGRZV��RWKHUZLVH�RQH��

JHWV�WKH�HUURU�PHVVDJH�µ:LQGRZ�LV�IXOO¶���

�



� ���

([DPSOH��%OHQG�8QLIRUPLW\�$QDO\VLV�

�

$� W\SLFDO� VLWXDWLRQ�ZKHUH� VLPXODWLRQ�EDVHG� VDPSOH� VL]H� LV� UHTXLUHG� LV� WKH� EOHQG� XQLIRUPLW\�

DQDO\VLV��ZKHUH���DFFRUGLQJ�WR�WKH�JXLGHOLQHV���D��FRPSRVLWH�GHFLVLRQ��SURFHGXUH�LV�QHHGHG��$�

EOHQG� LV� GHFODUHG� WR� EH� XQLIRUP�ZKHQ� WKH� IROORZLQJ� WZR� FULWHULD� DUH�PHW� IRU� �� LQGHSHQGHQW�

EDWFKHV��

���6WUHQJWK��WKH�DFWXDO�PHDQ�DV�D�SHUFHQW�RI�WKH�WKHRUHWLFDO�PHDQ��EHWZHHQ�����DQG������

���5HODWLYH� VWDQGDUG� GHYLDWLRQ� �56'�� RU� �� LQ� RWKHU�ZRUGV� �� WKH� FRHIILFLHQW�RI�YDULDWLRQ�� OHVV�

WKDQ����

7KH� TXHVWLRQ� LV� WKHQ� KRZ�PDQ\� VDPSOHV� KDYH� WR� EH� WDNHQ� IURP� HDFK� EDWFK� WR� KDYH� D� KLJK�

SUREDELOLW\� �H�J�� !����� RI� SDVVLQJ� WKH� WHVW� ZKHQ� DOO� WKH� WKUHH� EDWFKHV� IXOILO� WKH� XQLIRUPLW\�

FULWHULD��

�

3UREDELOLWLHV� RI� SDVVLQJ� WKH� WHVW� ZHUH� FRPSXWHG� E\� VLPXODWLRQ� IRU� GLIIHUHQW� VDPSOH� VL]HV�

�VDPSOH�VL]H�ZDV�LQFUHDVHG�E\�D�VWHS�RI�����IRU�D�WKHRUHWLFDO�PHDQ�RI������DQG�56' ����

�

7KH�UHVXOWV�DUH�JLYHQ�LQ�WKH�IROORZLQJ�WDEOH��7DEOH�������

�

7DEOH�����7KH�SUREDELOLW\�RI�SDVVLQJ�WKH�WHVW�IRU�GLIIHUHQW�VDPSOH�VL]HV�

�

1� 3UREDELOLW\�RI�SDVVLQJ�WKH�WHVW�IRU�

� ��EDWFK� ��EDWFKHV�

��� ����� �����

��� ����� �����

��� ����� �����

��� !��� �����

��� !��� �����

��� !��� �����

��� !��� !���

��� !��� !���

��� !��� !���

���� !��� !���

7KXV��D�SUREDELOLW\�JUHDWHU�WKDQ�����FDQ�EH�REWDLQHG�IRU�1 ����LQ�FDVH�RI���EDWFKHV���

�

�
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���7KH�SRZHU�DQG�WKH�VDPSOH�VL]H�DV�UDQGRP�YDULDEOHV��VHQVLWLYLW\�DQDO\VLV��

�

7KH� VLPSOHVW� GHILQLWLRQ�RI� WKH� VHQVLWLYLW\� DQDO\VLV�ZRXOG�EH�� �WKH� VWXG\�RI� UREXVWQHVV�RI� WKH�

VDPSOH� VL]H� DQDO\VLV� XQGHU� GLIIHUHQW� VFHQDULRV� ZKHQ� WKH� LQLWLDO� DVVXPSWLRQV� DUH� QRW� PHW���

+RZHYHU�� PRUH� VRSKLVWLFDWHG� LQWHUSUHWDWLRQV� FDQ� EH� JLYHQ� DQG� WKH� QRWLRQ� RI� ³LQLWLDO�

DVVXPSWLRQV´�FDQ�EH�H[WHQGHG�E\�QRW�FRQVLGHULQJ�WKHP�VLPSO\�D�VHW�RI�LQLWLDO�YDOXHV�EXW�VRPH�

UDQGRP�YDULDEOHV�ZLWK�JLYHQ�GLVWULEXWLRQV��

�

0RVW� SRZHU� DQDO\VHV� DUH� SURVSHFWLYH�� WKDW� LV�� WKH\� DVVHVV� WKH� SRZHU� RI� D� IXWXUH� VWXG\�� 7KH�

PHDQ�DQG�YDULDQFH� HVWLPDWHV�XVHG� LQ� WKH�SODQQLQJ�SKDVH�DUH�DQWLFLSDWHG��XVXDOO\�EDVHG�RQ�D�

SLORW� VWXG\�RU�VRPH�SUHYLRXV� WULDOV��+HQFH� WKH�SRZHU� IRU�D�JLYHQ�VDPSOH�VL]H��RU� WKH�VDPSOH�

VL]H�QHHGHG�WR�DFKLHYH�D�FHUWDLQ�SRZHU��YDU\�LQ�IDFW�UDQGRPO\��VLQFH�WKHLU�FDOFXODWLRQ�LV�EDVHG�

RQ� VRPH� REVHUYHG� YDOXHV� RI� UDQGRP�YDULDEOHV� �XVXDOO\� WKH� VDPSOH�PHDQ� DQG� WKH� YDULDQFH���

7KXV� LW� LV� SUHIHUDEOH� WR� VWXG\� D� ZKROH� UDQJH� RI� SRVVLEOH� YDOXHV� LQVWHDG� RI� D� VLQJOH� SRLQW�

HVWLPDWH��,Q�IDFW��WKLV�LV�RQH�RI�WKH�SRVVLEOH�GHILQLWLRQV�RI�WKH�VHQVLWLYLW\�DQDO\VLV��WR�VWXG\�WKH�

GLVWULEXWLRQ�RI�WKH�VDPSOH�VL]H��RU�WKDW�RI�WKH�SRZHU��IRU�GLIIHUHQW�GLVWULEXWLRQV�RI�WKH�VWDUWLQJ�

YDOXHV��

�

$QRWKHU� UROH�RI� WKH� VHQVLWLYLW\�DQDO\VLV�PLJKW�DULVH�ZKHQ�D� ORQJLWXGLQDO� VWXG\�FRYHUV�D� ORQJ�

SHULRG� RI� WLPH� DQG� WKH� HQGSRLQW� LWVHOI� LV� WLPH�GHSHQGHQW�� 6XFK� VLWXDWLRQ� PLJKW� RFFXU� IRU�

LQVWDQFH� LQ� D� FRKRUW� VWXG\� ZKHUH� WKH� HQGSRLQW� LV� DQ� HYHQW� UDWH� WKH� IUHTXHQF\� RI� ZKLFK� LV�

GHFUHDVLQJ�ZLWK�WLPH�LQ�WKH�FRQWURO�JURXS�GXH�WR�QHZ�DQG�HIILFLHQW�SUHYHQWLRQ�PHWKRGV�>��@��

0R\p� >��@� JLYHV� DQ� H[DPSOH� RI� D� FOLQLFDO� WULDO� LQ� SRVW� P\RFDUGLDO� LQIDUFWLRQ� ZKHUH� QHZ�

FKROHVWHURO�UHGXFLQJ�WKHUDSLHV�EHFRPH�DYDLODEOH�ZKLFK�DUH�H[SHFWHG�WR�GHFUHDVH�WKH�LQFLGHQFH�

RI�LQIDUFWLRQ��,Q�VXFK�VLWXDWLRQV�WKH�DVVXPSWLRQ�RI�D�FRQVWDQW�FRQWURO�JURXS�HYHQW�UDWH�PD\�OHDG�

WR�VHYHUHO\�XQGHUSRZHUHG�WULDOV��

�

$FFRUGLQJ� WR� WKH�DERYH�GHILQLWLRQV��GLIIHUHQW� W\SHV�RI�VHQVLWLYLW\�DQDO\VHV�FDQ�EH�FRQGXFWHG��

6RPH�H[DPSOHV�RI�VHQVLWLYLW\�DQDO\VLV�DUH�JLYHQ�EHORZ��
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����&RQILGHQFH�LQWHUYDOV�

�

7KH� PRVW� IUHTXHQWO\� XVHG� VDPSOH� VL]H� IRUPXODH� DUH� EDVHG� RQ� WKH� UHODWLRQVKLS� EHWZHHQ� WKH�

YDULDQFH�RI�WKH�HVWLPDWRU�RI�D�SDUDPHWHU�RI�LQWHUHVW�DQG�WKH�VDPSOH�VL]H��8VXDOO\�WKH�LQSXW�RI�

WKHVH� IRUPXODH� KDV� D� �SULPLWLYH�� SDUW� �H�J�� W\SH� ,� DQG� W\SH� ,,� HUURUV� WKDW� PD\� DOVR� EH�

UHFRQVLGHUHG� DV�SHUKDSV� WKH\� DUH� OHVV� ³SULPLWLYH´� WKDQ� LW� LV�XVXDOO\� WKRXJKW�DQG� WKHLU�FKRLFH�

GRHV� QRW� QHHG� WR� EH� DXWRPDWL]HG� �� EXW� WKLV� ZRXOG� EH� WKH� VXEMHFW� RI� DQRWKHU� SDSHU�� DQG� D�

�VRSKLVWLFDWHG�� SDUW�ZKLFK� QHHGV� TXDOLILHG� JXHVVZRUN� �H�J�� SRSXODWLRQ�YDULDQFHV�� SRSXODWLRQ�

HYHQW�UDWHV��HWF����&XUUHQWO\��WKH�URXWLQH�SUDFWLFH�LV�D�NLQG�RI��SOXJ�LQ�SULQFLSOH���WKDW�LV��WR�WDNH�

WKH� HVWLPDWHG� YDOXH� RI� D� SDUDPHWHU� IURP� D� SUHYLRXV� VWXG\� �RU� WR� FRPELQH� LQ� VRPH�ZD\� WKH�

UHVXOWV�RI�PRUH�VWXGLHV��DQG�WR�VXEVWLWXWH�LW�LQ�WKH�IRUPXOD�RI�FKRLFH�DV�EHLQJ�WKH��WKHRUHWLFDO��

YDOXH� RI� WKH� UHVSHFWLYH� SDUDPHWHU�� $V� VRPH� DXWKRUV� DOUHDG\� SRLQWHG� RXW� >�@�>��@�>��@� WKLV�

SUDFWLFH�LV�UDWKHU�ULVN\��

�

,Q�WKH�SUHVHQW�FKDSWHU�WKH�FRQWLQXRXV�RXWFRPH�DQG�WZR�SDUDOOHO�JURXS�GHVLJQ�LV�DQDO\VHG��:H�

VXSSRVH�HTXDO�YDULDQFHV��D�JLYHQ�OHDVW�FOLQLFDOO\�UHOHYDQW�GLIIHUHQFH�DQG�IL[HG�HUURU�OHYHOV��,I�

GDWD�IURP�D�SUHYLRXV�VWXG\�ZLWK�RQH�JURXS�RI�VL]H�1�DUH�DYDLODEOH�DQG�WKH�HVWLPDWHG�YDULDQFH�

LV� VÖ �� WKHQ��1���
�
ÖV �V

�
� LV�FKL�VTXDUH�GLVWULEXWHG�ZLWK�1���GHJUHHV�RI�IUHHGRP��6XSSRVLQJ�WKH�

HTXDOLW\� RI� WKH� HVWLPDWHG� YDULDQFH� DQG� WKH� WKHRUHWLFDO� RQH� �DSSO\LQJ� WKH� �SOXJ�LQ�PHWKRG���

PHDQV�LQ�IDFW�WR�SLFN�XS�WKDW�J�SHUFHQWLOH�RI�WKH�FKL�VTXDUH�GLVWULEXWLRQ�IRU�ZKLFK�WKH�HTXDOLW\�

1�� F
� �
	 � � �KROGV��7KXV��RQH�FDQ�EH� ���J������ FRQILGHQW� WKDW� WKH��WUXH��YDULDQFH� LV� OHVV� WKDQ�

RXU�HVWLPDWHG�RQH��7DEOH�����VKRZV�WKH�YDOXHV�RI����J��FRUUHVSRQGLQJ�WR�GLIIHUHQW�YDOXHV�RI�1��

�

,I� GDWD� IURP� D� SUHYLRXV� VWXG\� ZLWK� WZR� SDUDOOHO� JURXSV�� HDFK� RI� VL]H�1��� DUH� DYDLODEOH� DQ�

HVWLPDWH�IRU�WKH�SRSXODWLRQ�YDULDQFH�FDQ�EH�REWDLQHG�E\�WDNLQJ�WKH�XVXDO�SRROHG�HVWLPDWH�� VÖ ��

,Q�WKLV�FDVH��1���
�
ÖV �V

�
�LV�FKL�VTXDUH�GLVWULEXWHG�ZLWK�1���GHJUHHV�RI�IUHHGRP��6XSSRVLQJ�WKH�

HTXDOLW\�RI�WKH�HVWLPDWHG�YDULDQFH�DQG�WKH�WKHRUHWLFDO�RQH��WKDW�LV��WR�XVH�WKH�SOXJ�LQ�PHWKRG��

PHDQV�LQ�IDFW�WR�SLFN�XS�WKDW�J�SHUFHQWLOH�RI�WKH�FKL�VTXDUH�GLVWULEXWLRQ�IRU�ZKLFK�WKH�HTXDOLW\�

1�� F
� �
	 � � �KROGV��7KXV��WKH�HTXDWLRQ�LV�VLPLODU�WR�WKDW�REWDLQHG�IRU�RQH�JURXS��7KH�UHVXOWV�DUH�

VKRZQ�LQ�7DEOH�������
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7DEOH�����7KH�SUREDELOLW\�WKDW�WKH�WUXH�YDULDQFH�LV�OHVV�WKDQ�WKH�HVWLPDWHG�RQH�
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1� RQH�JURXS�

SLORW�VWXG\�

WZR�JURXS�

SLORW�VWXG\�
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7DEOH�����VKRZV�WKDW�WKH�FRQILGHQFH�OHYHO�UHPDLQV�DOZD\V�EHORZ������IRU�ERWK�WKH�RQH��DQG�

WZR�JURXS� SLORW� VWXG\��� $V�F
�
� LV� DV\PPHWULF� �FRQYHUJLQJ� VORZO\� WR� WKH� QRUPDO� GLVWULEXWLRQ�

1�P��P���� WKH� FRQILGHQFH� OHYHO� RI� ���� LV� QHYHU� DWWDLQHG��7KLV�PHDQV� WKDW� WKH�SUREDELOLW\�RI�

DWWDLQLQJ�WKH�GHVLUHG�SRZHU�LV�OHVV�WKDQ������

�

7R�DYRLG�WKH�³VXUSULVLQJO\�ORZ�SRZHUV´�GXH�WR�WKH�UDQGRP�YDULDWLRQ�RI�WKH�VWDQGDUG�GHYLDWLRQ�

RQH� VROXWLRQ� ZRXOG� EH� WKH� XVH� RI� LQWHUQDO� SLORWV� >��@�� >��@�� >��@�� %XW� WKLV� PHWKRG� FDQ� EH�

DSSOLHG�RQO\�IRU�ORQJ�FOLQLFDO�WULDOV�DQG�PLJKW�DULVH�SUREOHPV�ZLWK�WKH�XQEOLQGLQJ�RI�WKH�WULDO��

�

7KH�RWKHU�VROXWLRQ�LV�WKH�XVH�RI�D�FRQILGHQFH�LQWHUYDO�PHWKRG��$�VHQVLWLYLW\�DQDO\VLV�LV�XVXDOO\�

SHUIRUPHG� WRJHWKHU� ZLWK� WKH� VDPSOH� VL]H� HVWLPDWLRQ� �FRPSXWLQJ� WKH� VDPSOH� VL]H� IRU� WKH�

FRQILGHQFH�OLPLWV�RI�
�
ÖV ���+RZHYHU��LQ�PRVW�RI�WKH�FDVHV�WKH�FKRVHQ�ILQDO�VDPSOH�VL]H�LV�WKDW�

EHORQJLQJ�WR�
�
ÖV �DQG�WKH�UHVXOWV�RI�WKH�VHQVLWLYLW\�DQDO\VLV�DUH�QRW�XVHG�IXUWKHU��

�

7KH�VLWXDWLRQ�LV�ZRUVHQHG�E\�WKH�IDFW�WKDW���DV�LW�LV�VKRZQ�E\�2
%ULHQ�>�@����XQOHVV�WKH�GDWD�DUH�

VWULFWO\�1RUPDO��WKH�WUDGLWLRQDO�F
�
�EDVHG�FRQILGHQFH�LQWHUYDOV�IRU�

�
ÖV FDQQRW�EH�WUXVWHG�WR�KDYH�

WKHLU�QRPLQDO�FRQILGHQFH�OHYHOV�
�
����

�
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7KH� DLP� RI� WKLV� VWXG\� LV� WR� FRPSDUH� WKH� FRYHUDJH� UDWHV� RI� GLIIHUHQW� FRQILGHQFH� LQWHUYDO�

PHWKRGV��

�

7KH� DVVXPSWLRQ� RI� HTXDO� YDULDQFHV� LV� VXSSRVHG� WR� EH� WUXH�� D� JLYHQ� OHDVW� FOLQLFDOO\� UHOHYDQW�

GLIIHUHQFH� �G�� DQG� IL[HG� HUURU� OHYHOV� �D� DQG� E�� DUH� VXSSRVHG�� 7KH� OHDVW� FOLQLFDOO\� UHOHYDQW�

GLIIHUHQFH�LV�DVVXPHG�WR�EH�HTXDO� WR�WKH�GLIIHUHQFH�EHWZHHQ�WKH�SRSXODWLRQ�PHDQV��6LQFH�WKH�

ORZHU�OLPLW�RI�WKH�FRQILGHQFH�LQWHUYDO�GRHV�QRW�KDYH�WRR�PXFK�LPSRUWDQFH�IRU�WKH�VDPSOH�VL]H��

RQO\� RQH�VLGHG� FRQILGHQFH� LQWHUYDOV� DUH� FRQVLGHUHG�� )RU� D� EDODQFHG� WZR�JURXS� GHVLJQ� ZLWK�

HTXDO�JURXS�YDULDQFHV�DQG�WZR�VLGHG�WHVW�WKH�VDPSOH�VL]H�IRUPXOD��
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SHUIRUPV� ZHOO� >�@�� >�@�� VR� WKLV� IRUPXOD� LV� XVHG� WKURXJKRXW� WKH� SUHVHQW� VWXG\�� 7KH�PHWKRGV�

HYDOXDWHG�DUH�DV�IROORZV��

�

D��F
�
�EDVHG�FRQILGHQFH�LQWHUYDO�PHWKRG�

�

*LYHQ� WKH� UHVXOWV� RI� D� SLORW� VWXG\�� WKH� XSSHU� ���J������� FRQILGHQFH� OLPLW� RI� WKH� HVWLPDWHG�

YDULDQFH�LV�FRPSXWHG�E\�WKH�IRUPXOD��

�1���
�
ÖV ��F

���
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7KH�VDPSOH� VL]H�FRUUHVSRQGLQJ� WR� WKLV�YDULDQFH� LV� WDNHQ�DV� WKH�XSSHU� ���J�������FRQILGHQFH�

OLPLW�RI�WKH�VDPSOH�VL]H��

�

E��3DUDPHWULF�ERRWVWUDS�FRQILGHQFH�LQWHUYDO�

�

$�SDUDPHWULF�ERRWVWUDS� >��@� �ZLWK������ERRWVWUDS� VDPSOHV�� LV�SHUIRUPHG�RQ� WKH� UHVXOWV�RI�D�

JLYHQ�SLORW�VWXG\��7KH�VDPSOH�VL]H�LV�HVWLPDWHG�IRU�HDFK�ERRWVWUDS�VDPSOH��7KH����J��SHUFHQWLOH�

RI�WKH�VDPSOH�VL]H�GLVWULEXWLRQ�LV�WDNHQ�DV�WKH�XSSHU����J�������FRQILGHQFH�OLPLW�RI�WKH�VDPSOH�

VL]H��

�

F��1RQFHQWUDOLW\�EDVHG�FRQILGHQFH�LQWHUYDO�

�
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7KLV�PHWKRG�LV�SURSRVHG�E\�2¶%ULHQ�>�@��7KH�W�YDOXH�W � �LV�FRPSXWHG�IRU�WKH�JLYHQ�SLORW�VWXG\�
RI�VL]H�1��7KH����J�������XSSHU�FRQILGHQFH�OLPLW�RI� WKH�QRQFHQWUDOLW\�G � � LV�FRPSXWHG�E\�WKH�
IRUPXOD��
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7KH�QRQFHQWUDOLW\�YDOXH�G � ¶�RI�D�VLPLODU�VWXG\�IURP�WKH�VDPH�SRSXODWLRQ�EXW�ZLWK�D�VL]H�1¶�LV�
WKHQ�
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7KH�VDPSOH�VL]H�RI�WKH�QHZ�VWXG\�KDV�WR�EH�LQFUHDVHG�XQWLO�WKH��

3RZHU 3U�W
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EHFRPHV�WUXH��ZKHUH�W ,.-./ 0 �W 1 243 � 5 LV�WKH����D����SHUFHQWLOH�RI�WKH�FHQWUDO�W�GLVWULEXWLRQ��

�

,Q�RUGHU�WR�FRPSDUH�WKH�WKUHH�PHWKRGV��WKH�FRYHUDJH�UDWHV�RI�WKH�FRQILGHQFH�LQWHUYDOV�DQG�WKH�

UHODWLYH� GLVWDQFHV� RI� WKHLU� XSSHU� OLPLW� IURP� WKH� WKHRUHWLFDO� YDOXH� ZHUH� FRPSXWHG�� 7KH�

WKHRUHWLFDO�PHDQV�RI�WKH�WZR�SRSXODWLRQV�DQG�WKH�FRPPRQ�VWDQGDUG�GHYLDWLRQ�ZHUH�VXSSRVHG�

WR�EH�NQRZQ�DQG������ WZR�JURXS�SLORW� VWXGLHV�RI� VL]H����ZHUH�GUDZQ� �QRUPDO�GLVWULEXWLRQV�

ZHUH�GHHPHG�DQG�WKH�UDQQRU�SURFHGXUH�RI�6$6�ZDV�XVHG���7KH�XSSHU�OLPLW�RI�WKH�FRQILGHQFH�

LQWHUYDO�IRU�VDPSOH�VL]H�HVWLPDWLRQ�ZDV�WKHQ�FRPSXWHG�IRU�HDFK�PHWKRG�DQG�LW�ZDV�FRPSDUHG�

WR� WKH�³WKHRUHWLFDO´�VDPSOH�VL]H�� WKH�RQH�REWDLQHG�IRU�DQ�³H[HPSODU\´�SLORW�VWXG\�KDYLQJ�WKH�

HVWLPDWHG� VWDQGDUG� GHYLDWLRQ� HTXDO� WR� WKH� WKHRUHWLFDO� RQH�� 7KH� FRYHUDJH� UDWH� ZDV� WKH�

SURSRUWLRQ� RI� FDVHV� ZKHQ� WKH� WKHRUHWLFDO� VDPSOH� VL]H� GLGQ¶W� H[FHHG� WKH� XSSHU� OLPLW� RI� WKH�

FRQILGHQFH�LQWHUYDO��7KH�UHODWLYH�GLVWDQFH�ZDV�WKH�DEVROXWH�YDOXH�RI�WKH�GLIIHUHQFH�EHWZHHQ�WKH�

XSSHU� OLPLW�RI� WKH�FRQILGHQFH�LQWHUYDO�DQG�WKH�WKHRUHWLFDO�PHDQ�H[SUHVVHG�DV�D�SHUFHQWDJH�RI�

WKH�WKHRUHWLFDO�PHDQ���
YDOXHOWKHRUHWLFD

[YDOXHOWKHRUHWLFDOLPLWXSSHUDEV
GLVWUHO
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�

�
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�

7KH�IL[HG�YDOXHV�XVHG�IRU�WKLV�VLPXODWLRQ�VWXG\�ZHUH�DV�IROORZV��P 6  ����P 7  ����V ����1 ���
�WKH�WRWDO�VL]H�RI�WKH�SLORW�VWXG\���D ������E �����J ���������DQG������7KH�³WKHRUHWLFDO´�VDPSOH�

VL]H�FRPSXWHG�E\�����IRU�WKH�³H[HPSODU\´�VWXG\�LV�
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7DEOH� ���� FRQWDLQV� WKH� FRYHUDJH� UDWHV� DQG� WKH� PHDQ� UHODWLYH� GLIIHUHQFHV� REWDLQHG� IRU� HDFK�

PHWKRG��

�

7DEOH������7KH�FRYHUDJH�UDWHV�����DQG�PHDQ�UHODWLYH�GLVWDQFHV�����RI�WKH�GLIIHUHQW�PHWKRGV�IRU�

WKH�FRQILGHQFH�OHYHOV�RI����������DQG�����

�

1RPLQDO� 0HWKRG�

FRQILGHQFH�� D� E� F�
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FRYHUDJH�

UDWH�

UHODWLYH�

GLVW��
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UDWH�
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�

���([DPSOH��FRQVWUXFWHG��

�

$�SODFHER�FRQWUROOHG�SDUDOOHO�JURXS�VWXG\�ZDV�SODQQHG�LQ�REHVLW\��7KH�RXWFRPH�YDULDEOH�ZDV�

WKH� ERG\� ZHLJKW�� 7KH� FOLQLFDOO\� UHOHYDQW� GLIIHUHQFH� ZDV� SUHVXPHG� WR� EH� �� NJ�� $� SRROHG�

VWDQGDUG� GHYLDWLRQ� RI� ��� NJ� ZDV� REWDLQHG� IURP� D� SLORW� VWXG\� RI� VL]H� ���� $� WZR�VLGHG�

VLJQLILFDQFH� OHYHO�RI����DQG�D�SRZHU�RI�����ZDV� UHTXLUHG��6XEVWLWXWLQJ� LQ�HTXDWLRQ�����ZH�

KDYH��
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+HQFH��DERXW�����FRPSOHWLQJ�SDWLHQWV�SHU�WUHDWPHQW�DUP�ZHUH�UHTXLUHG�ZKHQ�XVLQJ�WKH�XVXDO�

³VXEVWLWXWLRQ´�PHWKRG��

�

7KH� ���� FRQILGHQFH� LQWHUYDO� RI� WKH� VWDQGDUG� GHYLDWLRQ�ZDV� >������ ����@�� 7KH�ZLGWK� RI� WKH�

FRQILGHQFH� LQWHUYDO� UHIOHFWHG� WKDW� WKH� VL]H� RI� ���� SHU� JURXS� ZDV� QRW� DW� DOO� UHDVVXULQJ�� )RU�

H[DPSOH� LI� LQ� WKH� IXWXUH� VWXG\� WKH� VDPSOH� VWDQGDUG�GHYLDWLRQ�ZRXOG� DWWDLQ� WKH� IRUPHU�XSSHU�

FRQILGHQFH�OLPLW�RI�������WKH�VDPSOH�VL]H�RI�����\LHOGHG�RQO\�D�SRZHU�RI�������)RU�D�SRZHU�RI�

����DQG�D�VWDQGDUG�GHYLDWLRQ�RI������WKH�VDPSOH�VL]H�JURXS�RI�����ZRXOG�EH�UHTXLUHG�ZKLFK�
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ZDV�D�WRWDO�VDPSOH�VL]H�����WLPHV�ODUJHU�WKDQ�WKH�LQLWLDOO\�SODQQHG�RQH��,W�ZDV�GHFLGHG�WR�XVH�D�

RQH�VLGHG�FRQILGHQFH�OHYHO�RI������

�

7KH�ILUVW�WZR�PHWKRGV�\LHOGHG�XSSHU�FRQILGHQFH�OLPLWV�RI�����DQG������UHVSHFWLYHO\��ZKLOH�WKH�

WKLUG�RQH�KDG�D�UHVXOW�JUHDWHU�WKDQ�������7KH�ILQDO�VDPSOH�VL]H�ZDV�FKRVHQ�WR�EH������

�

,QFUHDVLQJ�WKH�VL]H�RI�WKH�SLORW�VWXG\�HQDEOHV�EHWWHU�SODQQLQJ�SUHFLVLRQ�DQG�WKH�JDLQ�LQ�WKH�ILQDO�

VDPSOH�VL]H�PD\�EH�FRQVLGHUDEOH��)LJXUH�����SUHVHQWV� WKH�XSSHU�����FRQILGHQFH�OLPLW�RI�WKH�

VDPSOH� VL]H� DV� D� IXQFWLRQ� RI� WKH� VL]H� RI� WKH� SLORW� VWXG\�� 7KLV� ILJXUH� VKRZV� WKDW� XQGHU� WKH�

FRQGLWLRQV�RI�WKH�H[DPSOH�WKH�LQFUHDVH�RI�WKH�SLORW�VWXG\�VL]H�DERYH����LV�RI�OLWWOH�XVH��

�

)LJXUH� ����� 7KH� SUHFLVLRQ� RI� WKH� VDPSOH� VL]H� HVWLPDWLRQ� GHSHQGLQJ� RQ� WKH� VL]H� RI� WKH� SLORW�

VWXG\�
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7KH� F
I
�EDVHG� FRQILGHQFH� LQWHUYDO� PHWKRG� JLYHV� WKH� EHVW� FRYHUDJH� UDWHV� �WKH� FORVHVW� WR� WKH�

QRPLQDO� FRQILGHQFH� OHYHOV�� EXW� UDWKHU� ODUJH� UHODWLYH�GLVWDQFHV� �DQG� WKXV� ODUJH� VDPSOH� VL]HV���

7KH�QRQFHQWUDOLW\�EDVHG�FRQILGHQFH�LQWHUYDOV�DUH�H[WUHPHO\�ODUJH�DQG�ZLWKRXW�KDYLQJ�D�KLJKO\�
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UHDVVXULQJ� WKH� FRYHUDJH� UDWHV�� 7KH� ERRWVWUDS� FRQILGHQFH� LQWHUYDOV� \LHOG� XVXDOO\� VPDOOHU�

FRYHUDJH�UDWHV�WKDQ�WKH�QRPLQDO�FRQILGHQFH�OHYHO�EXW�ZLWK�ORZHU�UHODWLYH�GLVWDQFHV�DQG�ORZHU�

VDPSOH� VL]HV�� 7KH� RQH�VLGHG� FRQILGHQFH� OHYHO� RI� ���� FDQ� EH� UHFRPPHQGHG� VLQFH� WKH� RWKHU�

OHYHOV�UHVXOW�LQ�XQIHDVLEO\�ZLGH�UDQJHV��

�

,Q�PRVW�FDVHV�WKH�YDULDQFH�HVWLPDWHV�XVHG�LQ�WKH�SODQQLQJ�SKDVH�DUH�DQWLFLSDWHG��XVXDOO\�EDVHG�

RQ� D�SLORW� VWXG\�RU� VRPH�SUHYLRXV� WULDOV��+HQFH� WKH� VDPSOH� VL]H�QHHGHG� WR�DFKLHYH�D�FHUWDLQ�

SRZHU�YDULHV�LQ�IDFW�UDQGRPO\�DQG�WKH�³SOXJ�LQ�SULQFLSOH´�PD\�OHDG�VRPHWLPHV�WR�VXUSULVLQJO\�

ORZ�SRZHU�YDOXHV��7KH�FRQILGHQFH�LQWHUYDO�DSSURDFK�HQDEOHV�WKH�LPSURYHPHQW�RI�WKH�FXUUHQW�

SUDFWLFH��,Q�FDVH�RI�D�YDULDQFH�WKH�HVWLPDWHG�YDOXH�FRUUHVSRQGV�WR�D�FRQILGHQFH�OHYHO�OHVV�WKDQ�

�����7KH�RQH�VLGHG�ERRWVWUDS�XSSHU�����FRQILGHQFH�OLPLW��RU�WKH�F
I
�EDVHG�FRQILGHQFH�OLPLW��

FDQ�EH�XVHG�LQVWHDG��
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����7LPH�GHSHQGHQW�HIIHFW�VL]H�
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$Q�RVWHRSRURVLV�SUHYHQWLRQ�WULDO�DLPHG�WR�SURYH�WKH�ORQJ�WHUP�HIIHFW�RI�D�GUXJ�VORZLQJ�GRZQ�

WKH� UDWH� RI� ORVV� RI� ERQH� PLQHUDO� GHQVLW\� �%0'��� 7KH� VWXG\� ZDV� D� SODFHER�FRQWUROOHG��

UDQGRPL]HG� FOLQLFDO� WULDO� ZLWK� WZR� SDUDOOHO� JURXSV�� 7KH� SULPDU\� HQGSRLQW� ZDV� WKH� UDWH� RI�

FKDQJH�LQ�%0'�DIWHU�D����PRQWK�WUHDWPHQW��7KH�VWDQGDUGL]HG�HIIHFW�VL]H�ZDV�VXSSRVHG�WR�EH�

�������7KHUH�ZDV�QRW� WDNHQ�LQWR�DFFRXQW� WKDW�GXULQJ�WKH�VWXG\�D�QHZ�GLHW�FRQWDLQLQJ�FDOFLXP�

DQG�YLWDPLQ�'�EHFDPH�DYDLODEOH�DQG� WKH�%0'�RI� WKH�FRQWURO�JURXS� ORZHUHG�ZLWK�D� VPDOOHU�

UDWH�GXH�WR�WKLV�GLHW��7KH�HIIHFW�VL]H�ZDV�RQO\������DQG�WKLV�UHVXOWHG�LQ�DQ�XQGHUSRZHUHG�WULDO��

�

7KH�WLPH�GHSHQGHQFH�RI�WKH�HIIHFW�VL]H�FDQ�EH�PRGHOOHG�ZLWK�GLIIHUHQW�IXQFWLRQV��7KH�VLPSOHVW�

RQH� LV� WKH� OLQHDU� RQH�� VXSSRVLQJ� WKDW� WKH� VWDQGDUGL]HG� GLIIHUHQFH� LV� GHFUHDVLQJ� ZLWK� WLPH�

OLQHDUO\��/HW¶V�VXSSRVH�WKDW�LQ�WKH�DERYH�WULDO�WKH�HIIHFW�VL]H�KDG�D�OLQHDU�UHODWLRQVKLS�ZLWK� 7 ��

WKXV�WKH�HIIHFW�VL]H�ZDV�JLYHQ�E\�WKH�IXQFWLRQ��

� � 7�EH7H J � �

,I�W�LV�WKH�WLPH�PHDVXUHG�LQ�PRQWKV�WKHQ�E�LV�JLYHQ�E\�WKH�HTXDWLRQ��

���E�������� � ��KHQFH�E �����

)RU�D�EDODQFHG�GHVLJQ�ZLWK�JURXS�VL]HV�RI����DQG�IRU�D�VLJQLILFDQFH�OHYHO�RI����WKH�SRZHU�RI�

WKH�W�WHVW�DQG�LWV�����FRQILGHQFH�LQWHUYDO�GHSHQGLQJ�RQ�7�LV�VKRZQ�LQ�)LJXUH�����
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)LJXUH�����7LPH�GHSHQGHQW�SRZHU�DQG�LWV�����FRQILGHQFH�LQWHUYDO�
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���$�6$6�DSSOLFDWLRQ�IRU�WULDO�VDPSOH�VL]H�GHWHUPLQDWLRQ�

�

�

7KH�VDPSOH�VL]H�HVWLPDWLRQ�LQ�SURVSHFWLYH�FOLQLFDO�DQG�SUHFOLQLFDO�WULDOV�LV�PXFK�PRUH�WKDQ�D�

VWDWLVWLFDO� WDVN�� ,W� QHHGV� DQ� DJUHHPHQW� EHWZHHQ� UHVHDUFKHUV� RQ� WKH� DQWLFLSDWHG� YDOXH� RI� WKH�

SDUDPHWHUV��WKH�GHVLJQ��WKH�WUHDWPHQW�HIIHFW��WKH�OHYHO�RI�WKH�W\SH�,�DQG�W\SH�,,�HUURUV�DQG�WKH�

VLGHGQHVV�DV�ZHOO���7KHUHIRUH�WKH�EDVLF�QRWLRQV�RI�WKH�VDPSOH�VL]H�HVWLPDWLRQ�KDYH�WR�EH�NQRZQ�

E\� DOO� WKH� UHVHDUFKHUV� SDUWLFLSDWLQJ� LQ� WKH� VWXG\� SODQQLQJ�� �*RLQJ� WKURXJK� WKH� SURFHVV� RI�

GHWHUPLQLQJ�DQG�MXVWLI\LQJ�WKH�VDPSOH�VL]H�DOVR�KDV�DQ�LPSRUWDQW�DQFLOODU\�HIIHFW��LW�FDWDO\]HV�

WKH�V\QHUJLVP�EHWZHHQ�VFLHQFH�DQG�VWDWLVWLFV�DW�WKH�VWXG\
V�FRQFHSWLRQ����IRUPXODWHG�FRQFLVHO\�

2
%ULHQ�LQ�>�@��

�

7KXV� WKH� QHHG� RI� DQ� LQWHUDFWLYH� WHDFKLQJ� VRIWZDUH�� D� NLQG� RI� WXWRULDO� IRU� UHVHDUFKHUV�ZDV� D�

VWULQJHQW�QHHG��2XU�DLP�ZDV�WR�YLVXDOLVH�E\�RXU�DSSOLFDWLRQ��ZULWWHQ�LQ�6$6
K
�������WUDQVSRVHG�

ODWHU� RQ� WR� 6$6
K
� ������ WKH� GLIIHUHQW� PRGHOV� LQ� RUGHU� WR� KHOS� WKH� SK\VLFLDQV� LQ� XVLQJ� WKH�

SURJUDP�DQG�XQGHUVWDQGLQJ�WKH�XQGHUO\LQJ�PRGHOV��7R�DFKLHYH�WKLV�ZH�XVHG�IUDPH�HQWULHV�DQG�

KHOS�HQWULHV��:H�DVVRFLDWHG�FHUWDLQ�ZLGJHWV�IRU�FHUWDLQ�YDULDEOH�W\SHV��IRU�LQVWDQFH�VOLGHUV�IRU�

SURSRUWLRQV��OLVW�ER[HV�IRU�FKRRVLQJ�SRZHU��FRQILGHQFH�DQG�VLJQLILFDQFH�OHYHOV��FKHFN�ER[�IRU�

FKRRVLQJ�RQH��RU�WZR�VLGHG�WHVW�DQG�D�JUDSKLFDO�WH[W�ER[�IRU�VKRZLQJ�DOZD\V�WKH�DFWXDO�VDPSOH�

VL]H� SHU� JURXS��� :KLOH� WKH� PDMRULW\� RI� VDPSOH� VL]H� GHWHUPLQDWLRQ� SUREOHPV� LQYROYHV� WKH�

XQGHUO\LQJ� GLVWULEXWLRQV�� WKH� JUHDW� YDULHW\� RI� GLVWULEXWLRQ� IXQFWLRQV� LQ�6$6
K
� ����� �352%,7��

352%1250�� 352%7�� 7,19�� 352%)�� ),19�� 7121&7� DQG� )121&7�� KHOSHG� PXFK� LQ�

VLPSOLI\LQJ�WKH�RULJLQDO�DOJRULWKPV��ZKLFK�XVHG�SUHYLRXVO\�UDWKHU�FRPSOLFDWHG�DSSUR[LPDWLRQV�

IRU� WKHVH� IXQFWLRQV�� DQG� VDYHG� VHYHUDO� VWHSV� DQG�PXFK� WLPH� RI� 6&/� SURJUDP�ZULWLQJ�� 7KH�

UHVXOWV�FDQ�EH�SULQWHG�DQG�HDFK�VFUHHQ�KDV�D�VHSDUDWH�KHOS��WKH�KHOS�FRQWDLQV�WKH�GHILQLWLRQ�DQG�

H[SODQDWLRQ�RI�VFUHHQ�YDULDEOHV�DQG�WKH�UHIHUHQFHV�FRQFHUQLQJ�WKH�UHVSHFWLYH�PRGHO���

�

$W�SUHVHQW�IRXUWHHQ�VFUHHQV�FRUUHVSRQG�WR�WKH�IRXUWHHQ�GLIIHUHQW�VWDWLVWLFDO�PHWKRGV�FRQWDLQHG�

LQ�WKH�DSSOLFDWLRQ��1HZ�PRGHOV�DQG�QHZ�VFUHHQV�FDQ�EH�HDVLO\�DGGHG��7KH\�DUH�FODVVLILHG�E\�

WKH� W\SH� RI� VWDWLVWLFDO� SUREOHP� �K\SRWKHVLV� WHVWLQJ� RU� HVWLPDWLRQ��� E\� WKH� QXPEHU� RI� JURXSV�

LQYROYHG� DQG� E\� WKH� QDWXUH� RI� WKH� SULPDU\� HQGSRLQW� �FRQWLQXRXV� DQG� QRUPDOO\� GLVWULEXWHG��
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FDWHJRULFDO�� ELQDU\��� 7KH\� FDQ� EH� UHDFKHG� SDVVLQJ� WKURXJK� D� VHW� RI� LFRQV� ZKLFK� KDV� WKH�

IROORZLQJ�VWUXFWXUH��
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7KHRUHWLFDO��EDFNJURXQG�

+\SRWKHVLV�

WHVWLQJ�

+\SRWKHVLV�

WHVWLQJ�

(VWLPDWLRQ�

&RPSDUDWLYH�

WULDOV�

(TXLYDOHQFH�

WULDOV�

0HDQ� 3URSRUWLRQ�

&RPSDUDWLYH�

WULDOV�

7ZR�JURXSV� 0RUH�WKDQ�WZR�

JURXSV�

1RUPDOO\�

GLVWU��

3URSRU��

WLRQV�

2UGHUHG�

FDW��GDWD�

6XUYLYDO�

GDWD�

1RUPDOO\�GLVW�

ULEXWHG�GDWD�

&DWHJRULFDO�GDWD�

3DLUHG� 8QSDLUHG� 3DUDOOHO�

JURXSV�

3DUDOOHO�

JURXSV��

RUGHUHG�

UHVSRQVHV�

)DFWRULDO�

GHVLJQ�

(TXLYDOHQFH�WULDOV�

1RUPDOO\�

GLVWULEXWHG�

3URSRUWLRQV� &DWHJRULFDO�

GDWD�
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7KH�PRGHO�LV�WKH�VR�FDOOHG�³SURSRUWLRQDO�RGGV´�PRGHO��/HW�F ] GHQRWH�WKH�DQWLFLSDWHG�SURSRUWLRQ�
LQ� WKH� LWK� FDWHJRU\� RI� WKH� FRQWURO� JURXS� DQG� OHW� T ] GHQRWH� WKH� FRUUHVSRQGLQJ� FXPXODWLYH�
SURSRUWLRQ��$FFRUGLQJ�WR�WKLV�PRGHO�ZH�VXSSRVH�WKDW�WKH�RGGV�UDWLRV�EHWZHHQ�WKH�FXPXODWLYH�

SURSRUWLRQV� RI� WKH� WZR� JURXSV� DUH� FRQVWDQW� LQ� HDFK� FDWHJRU\�� 7KH� HTXLYDOHQW� IRU� WKH� OHDVW�

FOLQLFDOO\�VLJQLILFDQW�GLIIHUHQFH�ZLOO�EH� WKH� UHIHUHQFH� LPSURYHPHQW��T ^ ��ZKLFK�HTXDOV� WR�WKH�

FRQVWDQW�RGGV�UDWLR�PHQWLRQHG�EHIRUH��:H�GHILQH�WKH�DOORFDWLRQ�UDWLR�$�ZKLFK�LV�WKH�SURSRUWLRQ�

RI� WKH� VDPSOH� VL]HV� RI� WKH� WZR� JURXSV�� 7KHQ� ZH� FDQ� FDOFXODWH� XVLQJ� T ^ � WKH� DQWLFLSDWHG�

SURSRUWLRQV� IRU� DOO� FDWHJRULHV� LQ� WKH� WUHDWPHQW� JURXS�� /HW� � S ] � EH� WKH� PHDQ� RI� WKH� WZR�
SURSRUWLRQV��L�H��WKH�FRQWURO�JURXS�DQG�WKH�WUHDWPHQW�JURXS�SURSRUWLRQ�LQ�WKH�LWK�FDWHJRU\���7KH�

IROORZLQJ�IRUPXODV�JLYH�WKH�VDPSOH�VL]HV�LQ�WKH�WZR�JURXSV��
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7KLV� LV� D� PRGHO� ZKLFK� VXSSRVHV� WKDW� WKH� GDLO\� IDLOXUH� UDWH� LQ� HDFK� JURXS� LV� FRQVWDQW�

�H[SRQHQWLDO�PRGHO��DQG� WKDW� WKH�SHULRG�RI� WKH�DFFUXDO� LV� UHODWLYHO\�VKRUW�FRPSDUHG�ZLWK� WKH�

IROORZ�XS� WLPH� �³XS�IURQW´�DFFUXDO���7KHQ� WKH� IROORZLQJ� UHODWLRQ�GHWHUPLQHV� WKH� VDPSOH� VL]H�

SHU�JURXS��
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4�DQG�7�DUH�WKH�GDLO\�IDLOXUH�UDWHV�ZKLOH�W�LV�WKH�GXUDWLRQ�RI�WKH�VWXG\��LQ�GD\V���7KH�UHODWLRQ�

EHWZHHQ�WKH�GDLO\�IDLOXUH�UDWHV�DQG�WKH�IDLOXUH�UDWHV�DW�WKH�HQG�RI�WKH�WULDO��S � ��S � ��LV�JLYHQ�E\�
WKH�HTXDWLRQ��
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���1RUPDOO\�GLVWULEXWHG�GDWD��PRUH�WKDQ�WZR�SDUDOOHO�JURXSV�RI�HTXDO�VL]H��XQUHODWHG��DQDO\VLV�

RI�YDULDQFH��FRPSOHWHO\�UDQGRP�GHVLJQ��>��@�

�

/HW� J� GHQRWH� WKH� QXPEHU� RI� JURXSV�� P� � � WKH� PHDQ� RI� WKH� LWK� JURXS� DQG� V� WKH� DQWLFLSDWHG�
VWDQGDUG�GHYLDWLRQ�ZLWKLQ�HDFK�JURXS��:H�GHILQH�O�DV��
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LV�DSSUR[LPDWHO\�VDWLVILHG��6R�ZH�LQFUHDVH�Q�XQWLO�WKH�GHVLUHG�SRZHU�LV�DWWDLQHG��

�

7KLV�PHWKRG� GHVFULEHG� E\� )OHLVV� >��@� DQG�'D\� >��@� FDQ� EH� VLPSOLILHG� LQ� 6$6� EHFDXVH� WKH�

YDOXH� RI� QRQFHQWUDO� )� GLVWULEXWLRQ� ZLWK� JLYHQ� QRQFHQWUDOLW\� SDUDPHWHU� G� FDQ� EH� FDOFXODWHG�

XVLQJ�WKH�),19�DQG�352%)�IXQFWLRQV�GLUHFWO\��ZLWKRXW�XVLQJ�WKH�DSSUR[LPDWLRQ�VKRZQ�DERYH��

�

���1RUPDOO\�GLVWULEXWHG�GDWD��PRUH�WKDQ�WZR�SDUDOOHO�JURXSV�RI�HTXDO�VL]H��XQUHODWHG��RUGHUHG�

UHVSRQVHV��>��@�
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7KH�PHWKRG�GHVFULEHG� LQ����PD\�EH�DSSOLHG�EXW� WKH�DOWHUQDWLYH�K\SRWKHVLV�ZLOO�QR� ORQJHU�EH�

WKDW� VRPH� RI� WKH� JURXS� PHDQV� DUH� XQHTXDO�� ,W� ZLOO� EH� WKDW� WKHUH� LV� D� FHUWDLQ� �IL[HG�� RUGHU�

EHWZHHQ� WKHP��:H�DOVR�VXSSRVH� WKDW� WKH�FODVV�YDULDEOH�LV�TXDQWLWDWLYH��VR�D� OLQHDU�UHJUHVVLRQ�

PRGHO�PD\�EH�DSSOLHG��7KH�IRUPXOD�IURP����LV�YDOLG�ZLWK�Oµ �J���
O��ZKHUH�J�LV�WKH�QXPEHU�

RI�JURXSV��DQG�ZLWK�RQH�GHJUHH�RI�IUHHGRP�IRU�WKH�VXP�RI�VTXDUHV�EHWZHHQ�JURXSV��

�

����7KH��[��IDFWRULDO�GHVLJQ�

�

,W� LV�DOVR�EDVHG�RQ�WKH�PHWKRG�GHVFULEHG�LQ����:KHQ�DSSOLHG�IRU�WKH�GLIIHUHQFH�EHWHZHHQ�WKH�

PHDQV�RI�WKH�WZR�IDFWRUV�WKH�VDPSOH�VL]H�REWDLQHG�LV�WKH�WRWDO�IRU�WKH�WZR�OHYHOV��VR�LW�KDV�WR�EH�

GLYLGHG� E\� �� WR� REWDLQ� WKH� VDPSOH� VL]H� SHU� JURXS��:KHQ� WHVWLQJ� WKH� LQWHUDFWLRQ� RI� WKH� WZR�

IDFWRUV�� WKH� HVWLPDWH� RI� WKH� VL]H� RI� LQWHUDFWLRQ� FDQ� EH� REWDLQHG� LQ� WKH� IROORZLQJ� ZD\�� ZH�

FDOFXODWH�IRU�HDFK�RI�WKH�IDFWRUV�WKH�GLIIHUHQFH�EHWZHHQ�WKH�PHDQV�RI�WZR�OHYHOV�DQG�WKHQ�ZH�

WDNH� WKH� GLIIHUHQFH� RI� WKH� WZR� UHVXOWV�� 7KH� VDPSOH� VL]H� SHU� JURXS� REWDLQHG�ZLWK� IRUPXOD� ��
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VKRXOG� EH� GRXEOHG� EHFDXVH� WKH� LQWHUDFWLRQ� HIIHFW� LV� GHWHUPLQHG� E\� D� FRQWUDVW� EHWZHHQ� IRXU�

PHDQV��WKXV�WKH�VWDQGDUG�HUURU�RI�WKH�LQWHUDFWLRQ�LV�V �
Q
��

�

����&DWHJRULFDO�GDWD��PRUH� WKDQ� WZR�SDUDOOHO�JURXSV�RI�HTXDO�VL]H��XQUHODWHG��.UXVNDO�:DOOLV�

WHVW��>��@�

�

,QWURGXFLQJ� WKH� FRQFHSW� RI� UHODWLYH� HIILFLHQF\� RI� WZR� WHVWV��5(� ��ZH� FDQ� DSSO\� WKH� IRUPXODV�

IURP�SRLQW����XVLQJ�WKH�UHODWLRQ�Q Q
�
�5(��ZKHUH�Q

�
� LV�WKH�VDPSOH�VL]H�IRU�WKH�.UXVNDO�:DOOLV�

WHVW�� Q� LV� WKH� VDPSOH� VL]H� IRU� WKH� RQH�ZD\� $129$� DQG� WKH� DV\PSWRWLF� HIILFLHQF\� RI� WKH�

.UXVNDO�:DOOLV�WHVW�UHODWHG�WR�WKH�RQH�ZD\�$129$�LV�DOZD\V�JUHDWHU�WKDQ���S��+ROODQGHU�DQG�

:ROIH��1RQSDUDPHWULF�VWDWLVWLFDO�PHWKRGV��1HZ�<RUN��:LOH\���������

�

����7KH�HTXLYDOHQFH�WULDOV��>��@��>��@��>��@��KDYH�WKH�SXUSRVH�RI�VKRZLQJ�WKH�³QHJDWLYH´�UHVXOW�

WKDW� WZR� WUHDWPHQWV� DUH� HTXDOO\� HIIHFWLYH�� 7KHVH� PRGHOV� XVH� LQ� IDFW� WKH� IRUPXODH� DOUHDG\�

GHVFULEHG� DV� HVWLPDWLRQV� RI� SRSXODWLRQ� PHDQV� RU� SURSRUWLRQV� ZLWK� JLYHQ� OHQJWK� RI� WKH�

FRQILGHQFH�LQWHUYDO��DSSOLHG�IRU�WKH�GLIIHUHQFH�EHWZHHQ�WKH�WZR�JURXSV��7KH�WHUPLQRORJ\�XVHG�

LV� VOLJKWO\� PRGLILHG�� WKH� OLPLWV� ZLWKLQ� ZKLFK� WKH� FRQILGHQFH� OLPLWV� KDV� WR� OLH� DUH� FDOOHG�

HTXLYDOHQFH�DFFHSWDQFH�OLPLWV��

�
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:RUNHG�H[DPSOHV�

�

���9LWDPLQ�'�WULDO��3RFRFN���������

�

7KH�HIIHFW�RI�9LWDPLQ�'�RQ�WKH�SUHYHQWLRQ�RI�QHRQDWDO�K\SRFDOFDHPLD�LV�JRLQJ�WR�EH�H[DPLQHG�

RQ� SUHJQDQW� ZRPHQ�� 9LWDPLQ� '� JURXS� LV� FRPSDUHG� WR� SODFHER� JURXS� DQG� ZRPHQ� ZLOO� EH�

UDQGRPL]HG�WR�RQH�RI�WKHVH�JURXSV��7KH�PDLQ�HIILFDF\�SDUDPHWHU�LV�WKH�LQIDQW¶V�VHUXP�FDOFLXP�

OHYHO� RQH�ZHHN� DIWHU� WKH� ELUWK�� 3UHYLRXV� NQRZOHGJH� DERXW� XQWUHDWHG�ZRPHQ� VKRZV� WKDW� WKH�

VHUXP�FDOFLXP�OHYHO�KDV�P �  ����PJ����PO�DQG�V ����PJ����PO��:H�FRQVLGHU�DQ�LQFUHDVH�RI�

����PJ����PO�WR�EH�FOLQLFDOO\�UHOHYDQW�DQG�ZH�FKRRVH�D�VLJQLILFDQFH�OHYHO�RI������DQG�D�SRZHU�

RI�������7KHQ�ZH�DSSO\�WKH�PHWKRG�GHVFULEHG�LQ�PRGHO����DQG�ZH�REWDLQ�Q ����SDWLHQWV�SHU�

JURXS��)LJ�������

�

)LJXUH������7KH�VFUHHQ�IRU�FRPSDULQJ�WZR�LQGHSHQGHQW�PHDQV�

�

�

�

�

�
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6RPHWLPHV�WKH�YDOXH�RI�WKH�VWDQGDUG�GHYLDWLRQ�LV�GLIILFXOW�WR�DQWLFLSDWH��,Q�WKLV�FDVH�WKHVH�GDWD�

FDQ� EH� DVVHVVHG� LQ� DQ� RWKHU� ZD\� DSSO\LQJ�PRGHO� ��� +RZHYHU�� GLFKRWRPL]LQJ� D� FRQWLQXRXV�

YDULDEOH�PHDQV�DOZD\V�D�ORVV�LQ�SRZHU�>��@��/HW¶V�IL[�WKH�FULWHULRQ�RI�K\SRFDOFDHPLD�WR�EH�D�

VHUXP�FDOFLXP� OHYHO� OHVV� WKDQ�����PJ����PO��7KH�SURSRUWLRQ�RI�K\SRFDOFDHPLF�QHZERUQV� LQ�

WKH� SODFHER� JURXS� LV� DSSUR[LPDWHO\� ���� DQG�ZH� DQWLFLSDWH� D� GHFUHDVH� RI� ����.HHSLQJ� WKH�

VLJQLILFDQFH� OHYHO� DQG� SRZHU� XQFKDQJHG� ZH� REWDLQ� D� QXPEHU� RI� ���� SDWLHQWV� SHU� JURXS�

�)LJ�������

�

)LJXUH�����7KH�VFUHHQ�IRU�FRPSDULQJ�WZR�LQGHSHQGHQW�SURSRUWLRQV�

�

�

�

���$�WULDO�ZLWK�FDWHJRULFDO�RXWFRPH�YDULDEOH��:KLWHKHDG��������

�

�

,Q�D�SODFHER�FRQWUROOHG��WKUHH�PRQWK�VWXG\�WKH�FRQGLWLRQ�RI�SDWLHQWV�LV�FODVVLILHG�DW�WKH�HQG�RI�

VWXG\� WR� EH� YHU\� JRRG�� JRRG��PRGHUDWH� RU� SRRU�� ,Q� WKH� SODFHER� JURXS� WKH� IRXU� SURSRUWLRQV�

FRUUHVSRQGLQJ�WR�WKHVH�FDWHJRULHV�DUH���������������DQG������7KXV�WKH�SUREDELOLW\�RI�D�JRRG�RU�

YHU\�JRRG�RXWFRPH�LV�������� �����WKHVH�DUH�WKH�VR�FDOOHG�FXPXODWLYH�SURSRUWLRQV�DQG�DW�WKLV�

�
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SRLQW� WKH� RUGHULQJ� EHWZHHQ� FDWHJRULHV� EHFRPHV� QHFHVVDU\��� $V� D� FOLQLFDOO\� VLJQLILFDQW�

LPSURYHPHQW� ZH� KDYH� WR� FKRRVH� RQH� RI� WKH� FDWHJRULHV� DQG� WR� HVWDEOLVK� WKH� UHVSHFWLYH�

FXPXODWLYH�SURSRUWLRQ�LQ�WKH�WUHDWHG�JURXS��/HW¶V�VD\�WKDW�ZH�DQWLFLSDWH�DQ�LQFUHDVH�RI������LQ�

WKH� ³JRRG� RU� YHU\� JRRG´� FDWHJRU\�� WKDW� LV�� D� FXPXODWLYH� SURSRUWLRQ� RI� ������ ,Q� WKLV� FDVH�

DSSO\LQJ� WKH� SURSRUWLRQDO� RGGV� PRGHO� ��� IRU� HTXDO� JURXS� QXPEHUV� �VLJQLILFDQFH� OHYHO�� ����

SRZHU�������WKH�UHVXOW�LV����SDWLHQWV�JURXS��

�

7KH� H[DPSOH� DERYH� LV� D� UHILQHPHQW� RI� JURXSLQJ� SDWLHQWV� LQWR� WZR� FDWHJRULHV�� IRU� LQVWDQFH�

XQLI\LQJ� FDWHJRU\� ��ZLWK� �� DV� ³JRRG´� DQG� ��ZLWK� �� DV� ³SRRU´�� ,I�ZH� GR� WKLV��ZH� FDQ� DSSO\�

PRGHO���ZLWK�SURSRUWLRQ�����LQFUHDVLQJ�WR�������.HHSLQJ�WKH�VLJQLILFDQFH�OHYHO�RI����DQG�WKH�

SRZHU�RI�����XQFKDQJHG�WKH�UHVXOW�LV�D�JURXS�VL]H�RI������HDFK�JURXS�UHSUHVHQWLQJ�WZR�IURP�

WKH�IRUPHU�FDWHJRULHV��WKDW�ZRXOG�PHDQ����SDWLHQWV�FDWHJRU\�IRU�WKH�IRUPHU�H[DPSOH���

�

)LJXUH�����&DWHJWRULFDO�RXWFRPH�

�

�

�
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���6XUYLYDO�$QDO\VLV��6KXVWHU��������

�

7KH�SULPDU\�HQGSRLQW�RI�D�FRPSDUDWLYH�� WZR�JURXS�FOLQLFDO� WULDO� LV� WKH� WLPH�XQWLO� WKH�SDWLHQW�

QHHGV�WR�WDNH�VHGDWLYHV�UHJXODUO\��7KH�GXUDWLRQ�RI�WKH�VWXG\�LV�RQH�\HDU��$W�WKH�HQG�RI�WKH�WULDO�

ZH� SUHVXPH� D� VXUYLYDO� UDWH� RI� ���� LQ� WKH� SODFHER� JURXS� DQG� RI� ���� LQ� WKH� WUHDWHG� JURXS��

&RQVLGHULQJ�D�VLJQLILFDQFH�OHYHO�RI�����WZR�VLGHG�WHVW��DQG�D�SRZHU�RI�����ZH�VKDOO�QHHG�����

SDWLHQWV�SHU�JURXS� WR�SURYH� WKH�HIIHFW��LI� LW�H[LVWV��RI� WKH�QHZ�GUXJ��DSSO\LQJ�PRGHO��� ��7KLV�

SUREOHP�FDQ�DOVR�EH�VROYHG�OLNH�DQ�RUGHUHG�FDWHJRULFDO�RQH��PRGHO�����LQ�WKLV�FDVH�WKH�VROXWLRQ�

LV�D�SDWLHQW�QXPEHU�RI������RU�OLNH�D�VLPSOH�FRPSDULVRQ�RI�SURSRUWLRQV��PRGHO����ZKLFK�JLYHV�

WKH�UHVXOW�RI������

�

���$�WKUHH�JURXS�FRPSDULVRQ��'D\�DQG�*UDKDP���������

�

7KH� GLDVWROLF� EORRG� SUHVVXUH� RI� WKUHH� SDWLHQW� JURXSV� LV� WR� EH� FRPSDUHG�� 7KH� K\SRWKHVL]HG�

PHDQV� DUH� ���� PP+J�� ��� PP+J� DQG� ��� PP+J�� 7KH� FRPPRQ� VWDQGDUG� GHYLDWLRQ� RI� WKH�

JURXSV�LV�VXSSRVHG�WR�EH����PP+J��7KH�VLJQLILFDQFH�OHYHO�LV�VHW�WR����DQG�WKH�SRZHU�WR������

$SSO\LQJ�PRGHO���WKH�VDPSOH�VL]H�SHU�JURXS�LV������

�

)LJXUH�����&RPSDULVRQ�RI�PRUH�WKDQ�WZR�JURXSV��FRQWLQXRXV�RXWFRPH��HTXDO�JURXS�VL]HV��

�

�
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�

,I�WKH�VDPH�JURXSV�DUH�FRPSDUHG�EXW�WKH�DOWHUQDWLYH�K\SRWKHVLV�LV�FKDQJHG�IURP�³VRPH�RI�WKH�

JURXS� PHDQV� DUH� XQHTXDO´� WR� ³WKHUH� LV� D� FHUWDLQ� RUGHU� EHWZHHQ� WKH� JURXS�PHDQV´�� ZH� FDQ�

GHFUHDVH�WKLV�QXPEHU�IURP����WR�����

�

,Q�FDVH�RI�WZR�JURXSV�WKLV�PHWKRG�JLYHV�WKH�VDPH�UHVXOW�DV����

�

$OO�WKH�H[DPSOHV�DERYH�VKRZ�WKDW�VDPSOH�VL]HV�GHSHQG�PXFK�RQ�WKH�PRGHO�DSSOLHG��VR�LW�KDV�

WR�EH�FKRVHQ�FDUHIXOO\��7KLV�DSSOLFDWLRQ�GRHV�QRW�FRQWDLQ�WKH�PRGHO�GHVFULEHG�LQ�&KDSWHU����WKH�

FRPSDULVRQ� RI� WZR� JURXSV� DVVXPLQJ� XQHTXDO� YDULDQFHV�� VLQFH� WKLV� PHWKRG� ZDV� HODERUDWHG�

ODWHU��$V�PHQWLRQHG��QHZ�PRGHOV�FDQ�EH�HDVLO\�DGGHG�WR�WKH�SURJUDP��WKLV�LV�DPRQJ�RXU�IXUWKHU�

SODQV��

�

7KH�PRGXOHV�XVHG�ZHUH�6$6�%$6(
�
��6$6�$)

�
�DQG�6$6�67$7

�
��

�

�
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���5HIHUHQFHV�

�

>�@�)UHLPDQ��-$��&KDOPHUV��7&��6PLWK��+��.XHEOHU��55��µ7KH�LPSRUWDQFH�RI�EHWD��WKH�W\SH�,,�

HUURU��DQG�VDPSOH�VL]H�LQ�WKH�GHVLJQ�DQG�LQWHUSUHWDWLRQ�RI�WKH�UDQGRPL]HG�FOLQLFDO�WULDO¶��1HZ�

(QJODQG�-RXUQDO�RI�0HGLFLQH�����������������������>8SGDWHG�DQG�UHSULQWHG�DV�&KDSWHU����LQ�

%DLODU��-&�DQG�0RVWVHOOHU��)��0HGLFDO�XVHV�RI�VWDWLVWLFV��1(-0�%RRNV��%RVWRQ������@��

>�@� 6HGOHPHLHU� 3� DQG�*LJHUHQ]HU�*�� µ'R� VWXGLHV� RI� VWDWLVWLFDO� SRZHU� KDYH� DQ� HIIHFW� RQ� WKH�

SRZHU�RI�VWXGLHV"¶��3V\FKRORJLFDO�%XOOHWLQ����������������������

>�@� 6LQJHU� -�� $� VLPSOH� SURFHGXUH� WR� FRPSXWH� WKH� VDPSOH� VL]H� QHHGHG� WR� FRPSDUH� WZR�

LQGHSHQGHQW� JURXSV� ZKHQ� WKH� SRSXODWLRQ� YDULDQFHV� DUH� XQHTXDO�� 6WDWLVWLFV� LQ�0HGLFLQH�� ����

�����������������

>�@� 6LQJHU� -�� (VWLPDWLQJ� VDPSOH� VL]H� IRU� FRQWLQXRXV� RXWFRPHV�� FRPSDULQJ� PRUH� WKDQ� WZR�

SDUDOOHO�JURXSV�ZLWK�XQHTXDO�VL]HV��6WDWLVWLFV�LQ�0HGLFLQH�����������������������

>�@�6LQJHU� -��$�6$6� DSSOLFDWLRQ� IRU� WULDO� VDPSOH� VL]H� GHWHUPLQDWLRQ�� ,Q��3URFHHGLQJV�RI� WKH�

6$6�(XURSHDQ�8VHU¶V�*URXS�,QWHUQDWLRQDO��+DPEXUJ��*HUPDQ\��������

>�@� 2¶%ULHQ�� 5*�� 0XOOHU�� .(�� 8QLILHG� 3RZHU� $QDO\VLV� IRU� W�WHVWV� WKURXJK� 0XOWLYDULDWH�

+\SRWKHVHV�� ,Q�� $SSOLHG� $QDO\VLV� RI� 9DULDQFH� LQ� WKH� %HKDYLRUDO� 6FLHQFHV��0DUFHO� 'HNNHU��

1HZ�<RUN��������&KDSWHU����

>�@� 6DWWHUWKZDLWH�� )(�� µ$Q� DSSUR[LPDWH� GLVWULEXWLRQ� RI� HVWLPDWHV� RI� YDULDQFH� FRPSRQHQWV¶��

%LRPHWULFV�%XOOHWLQ���������������������

>�@�6QHGHFRU��*:�DQG�&RFKUDQ��:*��6WDWLVWLFDO�0HWKRGV��7KH� ,RZD�6WDWH�8QLYHUVLW\�3UHVV��

,RZD��������6L[WK�(GLWLRQ��7HQWK�SULQWLQJ��6HFWLRQ�������

>�@�0DFKLQ��'��&DPSEHOO��0-��)D\HUV��30�DQG�3LQRO��$3<��6DPSOH�6L]H�7DEOHV�IRU�&OLQLFDO�

6WXGLHV��%ODFNZHOO�6FLHQFH��2[IRUG��������6HFRQG�HGLWLRQ���

>��@�*XHQWKHU��:&��µ6DPSOH�VL]H�IRUPXODV�IRU�QRUPDO�WKHRU\�W�WHVWV¶��$PHULFDQ�6WDWLVWLFLDQ��

��������������������

>��@�6FKRXWHQ��+-$��µ6DPSOH�VL]H�IRUPXOD�ZLWK�D�FRQWLQXRXV�RXWFRPH�IRU�XQHTXDO�JURXS�VL]HV�

DQG�XQHTXDO�YDULDQFHV¶��6WDWLVWLFV�LQ�0HGLFLQH��������������������

>��@�6$6�/DQJXDJH��9HUVLRQ����5HIHUHQFH��)LUVW�HGLWLRQ��6$6�,QVWLWXWH�,QF���&DU\��1&��������

>��@� :HOFK�� %/�� µ7KH� *HQHUDOLVDWLRQ� RI� 6WXGHQW¶V� 3UREOHPV� ZKHQ� 6HYHUDO� 'LIIHUHQW�

3RSXODWLRQ�9DULDQFHV�DUH�,QYROYHG¶��%LRPHWULND�������������������

>��@�)OHLVV��-��/��7KH�'HVLJQ�DQG�$QDO\VLV�RI�&OLQLFDO�([SHULPHQWV��:LOH\��1HZ�<RUN��������
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>��@�6FKHIIp��+��7KH�$QDO\VLV�RI�9DULDQFH��:LOH\��1HZ�<RUN��������

>��@� /DXEVFKHU�� 1�� )�� µ1RUPDOL]LQJ� WKH� QRQFHQWUDO� W� DQG� )� GLVWULEXWLRQV¶�� $QQDOV� RI�

0DWKHPDWLFDO�6WDWLVWLFV�������������������������

>��@� )LQQH\�� '�-�� 6WDWLVWLFDO�0HWKRG� LQ� %LRORJLFDO� $VVD\�� &KDUOHV�*ULIILQ�	�&RPSDQ\� /WG��

/RQGRQ��������

>��@� 'D\�� 6�-�� DQG� *UDKDP�� '�)�� µ6DPSOH� 6L]H� (VWLPDWLRQ� IRU� &RPSDULQJ� 7ZR� RU� 0RUH�

7UHDWPHQW�*URXSV�LQ�&OLQLFDO�7ULDOV¶��6WDWLVWLFV�LQ�0HGLFLQH��������������������

>��@�&DPSEHOO��0�-���-XOLRXV��6�$���$OWPDQ��'�*��µ(VWLPDWLQJ�VDPSOH�VL]HV�IRU�ELQDU\��RUGHUHG�

FDWHJRULFDO�� DQG� FRQWLQXRXV� RXWFRPHV� LQ� WZR� JURXS� FRPSDULVRQV¶��%ULWLVK�0HGLFDO� -RXUQDO��

�����������������������

>��@�(IURQ�%��7LEVKLUDQL�5-���$Q�LQWURGXFWLRQ�WR�WKH�ERRWVWUDS��&KDSPDQ�	�+DOO��1HZ�<RUN��

������

>��@� 0R\p�� /�$�� 
6L]LQJ� FOLQLFDO� WULDOV� ZLWK� YDULDEOH� HQGSRLQW� HYHQW� UDWHV
�� 6WDWLVWLFV� LQ�

0HGLFLQH������������������������

>��@�$UPLWDJH�3���6WDWLVWLFDO�0HWKRGV�LQ�0HGLFDO�5HVHDUFK��SS�����������%ODFNZHOO��������

>��@�3RFRFN�6-��&OLQLFDO�7ULDOV��SS������������:LOH\��������

>��@� 1RHWKHU� *(�� 6DPSOH� 6L]H� 'HWHUPLQDWLRQ� IRU� 6RPH� &RPPRQ� 1RQSDUDPHWULF� 7HVWV��

-RXUQDO�RI�WKH�$PHULFDQ�6WDWLVWLFDO�$VVRFLDWLRQ��9RO�����SS�����������������

>��@�%ROWRQ�6��3KDUPDFHXWLFDO�6WDWLVWLFV��SS������������QG�HG��0DUFHO�'HNNHU��,QF���������

>��@�6KXVWHU� --��+DQGERRN�RI�6DPSOH�6L]H�*XLGHOLQHV� IRU�&OLQLFDO�7ULDOV�� SS�� ��������&5&�

3UHVV��������

>��@� :KLWHKHDG� -�� 6DPSOH� 6L]H� &DOFXODWLRQV� IRU� 2UGHUHG� &DWHJRULFDO� GDWD�� 6WDWLVWLFV� LQ�

0HGLFLQH��9RO������SS������������������

>��@�7LH�+XD�1*��$�6SHFLILFDWLRQ� RI� 7UHDWPHQW�'LIIHUHQFH� LQ� WKH�'HVLJQ�RI�&OLQLFDO�7ULDOV�

ZLWK�$FWLYH�&RQWUROV��'UXJ�,QIRUPDWLRQ�-RXUQDO��9RO�����SS����������������

>��@�/LQ�6&��6DPSOH�6L]H� IRU�7KHUDSHXWLF�(TXLYDOHQFH�%DVHG�RQ�&RQILGHQFH� ,QWHUYDO��'UXJ�

,QIRUPDWLRQ�-RXUQDO��9RO�����SS��������������

>��@�'H\L�%$��.RVLQVNL�$6��6QDSLQQ�60�
3RZHU�FRQVLGHUDWLRQV�ZKHQ�D�FRQWLQXRXV�RXWFRPH�

YDULDEOH�LV�GLFKRWRPL]HG
��-RXUQDO�RI�%LRSKDUPDFHXWLFDO�6WDWLVWLFV��9RO�����SS�����������������

>��@�7D\ORU�'-��0XOOHU�.(�� 
%LDV� LQ� OLQHDU�PRGHO�SRZHU�DQG�VDPSOH� VL]H�FDOFXODWLRQ�GXH� WR�

HVWLPDWLQJ�QRQFHQWUDOLW\
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