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1 Introduction
This thesis is divided into two main parts. The first introduces the Board Packing
Problem (BoPP), a combined optimization problem where rectangles are allocated
on a given board subject to specific rules. The second part addresses square packing
and square covering problems for a special, yet interesting, case where the instance
of squares consists of one square of size 1, one of size 2, and so on, up to one square
of size n, where n is a fixed integer. Before presenting these contributions, a brief
overview of packing problems is provided.

Packing problems appear in many areas of science and industry, including man-
ufacturing, storage and warehousing, transportation, finance, and construction.
When solved optimally, they can lead to cost savings and improved use of resources.
A packing problem consists of fitting objects of various sizes and/or shapes into given
spaces while minimizing waste or maximizing profit or efficiency. For an extensive
introduction, see [22].

The simplest variation is the one-dimensional bin packing problem. It consists
of assigning n items with different weights to identical bins of fixed capacity, such
that the number of bins used is minimized. This is a classical optimization problem
and is NP-hard [22], which implies that no algorithm is known to find optimal
solutions in polynomial time. Since the one-dimensional case is NP-hard, all of its
generalizations are also NP-hard.

Because of this complexity, finding an exact solution in reasonable time is gener-
ally infeasible for large instances. Instead, heuristic algorithms and approximation
techniques are commonly applied to compute good, though not necessarily optimal,
solutions efficiently.

Lodi et al. [19] provide a detailed survey on two-dimensional bin packing, re-
viewing exact, heuristic, and approximation algorithms for both rotational and or-
thogonal variants. Caprara et al. [9] focus on the orthogonal two-dimensional case.

2 The Board Packing Problem (BoPP)
Consider a rectangular board with m rows and n columns. Let M = {1, . . . ,m}
denote the set of rows and N = {1, . . . , n} the set of columns. Each position
(i, j) ∈M ×N of the board is associated with an integer value gi,j representing the
revenue obtained if the position is covered.

A set R of rectangles is given, where each rectangle r ∈ R has a specified height
hr, width wr, and cost cr. The objective is to select and place rectangles on the
board to maximize the profit, defined as the sum of the revenues of the covered
positions minus the costs of the purchased rectangles. Rectangles must be placed
with sides parallel to the sides of the board. Overlaps are permitted, but the revenue
from a given board position can be collected at most once. This formulation defines
the Board Packing Problem (BoPP).

The BoPP was first introduced by Dosa et al. [12], where the special case without
overlaps was investigated. That initial publication presented a mathematical model
and applied a commercial mixed-integer programming solver (CPLEX) to obtain
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optimal solutions for a small set of test instances. The problem was subsequently
studied in greater detail in [1], and further investigations are reported in [2].

2.1 Application, and related problems

An application of the BoPP arises when the board represents a geographical area,
such as a city or a country. The rectangles represent facilities that can be constructed
at certain positions, and the covered g values represent the profit obtained from the
operation of these facilities.

• If gi,j is negative, it is preferable not to cover the point, for example because
the location is already inhabited or owned by a person or company. If it is
nevertheless covered, a penalty or expropriation cost must be paid.

• The purchasing cost cr ≥ 0 of rectangle r represents the installation cost of a
new facility.

The BoPP is closely related to other problems such as the rectangle blanket problem
[10], which has applications in computer vision, including template matching and
people tracking.

Allowing rectangles to overlap in the BoPP is motivated by applications where
rectangular resources can be purchased and applied on a grid to obtain benefits. For
instance, the rectangles may represent satellite images [17] that can be acquired to
extract useful or profitable information about geographical regions, with applications
ranging from post-disaster damage assessment [14], highway road maintenance [15],
to the detection of archeological features [21]. Demiröz [10] also discussed problem
variants within covering and partitioning, as well as cutting and packing, to highlight
their connections to the rectangle blanket problem.

Several studies consider cases where partial covering of customer demands is
possible (see, e.g., Berman and Kras [7] or Blanquero et al. [8]). The focus here
is restricted to models in which a demand point is either completely served or not
served. Related problems have also been studied extensively in the literature (see,
e.g., [18]).

2.2 NP-hardness of Board Packing

The NP-hardness of the BoPP can be established in several ways. A standard ap-
proach is to demonstrate a reduction from other NP-hard problems. The following
shows how the hardness of the BoPP can be proven through such reductions.

2.2.1 Reduction from other NP-hard packing models

The NP-hardness of the BoPP can be shown for the following special case.

2.2.1.1 Reduction from the model of Masek [20] Consider the case where
the g values may be negative, with very large absolute values. In the construction,
g is restricted to take only two values: a fixed small positive value (here, 2) and a
negative value with large absolute magnitude.
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Suppose that K (the set of rectangles) is part of the input, and that overlap is
allowed. Given an instance of the rectilinear covering problem of Masek (where a
board is defined by entries of 1 and 0, all 1’s must be covered, and no 0 may be
covered), a corresponding BoPP instance is created.

In this construction, a cell is called a good point if its value in the Masek model
is 1, and a bad point if its value is 0. The Masek board is embedded into a BoPP
board of size M × N , with p = max(M,N). Set g(i, j) = 2 for good points (i, j)
and g(i, j) = −2p2 for bad points and for points outside the board.

The set of rectangles is then defined as follows: for every 1 ≤ i ≤ M and
1 ≤ j ≤ N , include an i× j rectangle, and create M ·N copies of each. The cost of
each rectangle is set to 1.

It follows that any optimal cover in the Masek model corresponds to an optimal
cover in the BoPP. In the Masek model, all 1’s are covered, no 0’s are covered, and
the minimum number of rectangles is used.

In the BoPP model, no rectangle extends outside the board in an optimal so-
lution, as this would be unprofitable. Similarly, no bad point is covered. Thus,
any optimal solution in the BoPP covers only good points. If any good point were
left uncovered, it would always be profitable to purchase a 1 × 1 rectangle (cost 1,
revenue 2) to cover it. Therefore, all good points are covered.

Since each rectangle incurs a positive cost, an optimal BoPP solution will use a
minimum number of rectangles to cover all good points, matching the solution of
the Masek model.

This shows that for any instance of Masek’s problem, a corresponding BoPP
instance can be constructed where the optimal solution covers the same points with
the same number of rectangles. Hence, the BoPP is at least as hard as the rectilinear
covering problem of Masek, proving NP-hardness by reduction.

2.2.1.2 Reduction from the red-blue points model of Bereg et al. [6]
Another reduction can be obtained from the red-blue points model of Bereg et
al. [6]. The reduction follows a similar approach as in the case of Masek. In this
model, there are good points and bad points, and the objective is to cover all good
points while avoiding the coverage of any bad point, using the minimum number of
rectangles. This problem is NP-hard, even in the special case where the rectangles
are restricted to be squares.

To construct the BoPP instance, assign a gain value of −2p2 to each bad point, a
gain value of 2 to each good point, and a gain value of 0 to any point that is neither
good nor bad in the Bereg model. With these assignments, the remainder of the
reduction proceeds in the same way as in the reduction from Masek’s model.

2.2.1.3 Reduction from NP-hard SAT problems Another approach is to
prove directly, without relying on other packing models, that the BoPP is NP-
hard, even in highly restricted cases. This can be shown through reductions from
appropriate SAT problems.

Formally, consider the following problem, where h and w are positive integers
and S is a given set of integers. The set S defines the possible gain values gi,j, while
the purchasable rectangles r ∈ R are restricted to a single size h× w.
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BoardPacking(h,w;S) (BP(h,w;S))
Input: An M ×N rectangular board (matrix) with all entries from S, and an
integer g.
Question: Does there exist a packing with at most M · N rectangles of size
h× w, each having a cost of 1, with total profit at least g?

Two restricted versions of this problem are of particular interest:
BinaryBoardPacking(h,w) (BBP(h,w)): BP(h,w;S) with S = {0, 1},
AlmostBinaryBoardPacking(h,w) (ABP(h,w)): BP(h,w;S) with S =
{−1, 0, 1}.

Theorem 1. The following problems are NP-complete, and their optimization
versions are NP-hard:
(i) BBP(3, 3),

(ii) ABP(2, 3) and ABP(3, 2),

(iii) BBP(2, 2).
The proofs are based on reductions from variants of the Boolean Satisfiability prob-
lem. In general, given a satisfiability instance with p clauses over a set of q variables,
the derived instance matrix (board) for BBP or ABP has size O(p)×O(q), and con-
structing such an instance requires O(pq) time. Hence, the reduction is quadratic
in both time and space.

2.3 Mathematical programming model

A binary integer programming model for the BoPP can be formulated as follows.
Let Ar denote the set of feasible coordinates (i, j) for the top-left corner of rectangle
r ∈ R. Define binary variable xijr to take the value 1 if and only if rectangle r is
placed with its top-left corner at (i, j). Let Bijr denote the set of positions (u, v) for
the top-left corner of rectangle r that result in position (i, j) being covered by that
rectangle.

To calculate the revenues from covered board positions, an additional binary
variable yij is introduced, which takes the value 1 if and only if position (i, j) of the
board is covered. The model can then be written as:

max
∑
i∈M

∑
j∈N

gijyij −
∑
r∈R

∑
(i,j)∈Ar

crxijr (1)

∑
(i,j)∈Ar

xijr ≤ 1, r ∈ R (2)

yij ≤
∑
r∈R

∑
(u,v)∈Bijr

xuvr, i ∈M, j ∈ N : gij > 0 (3)

|R|yij ≥
∑
r∈R

∑
(u,v)∈Bijr

xuvr, i ∈M, j ∈ N : gij < 0 (4)

xijr ∈ {0, 1}, r ∈ R, (i, j) ∈ Ar (5)
yij ∈ {0, 1}, i ∈M, j ∈ N (6)
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The objective function (1) computes the total gain by summing the values of all
covered positions, allowing for overlap, while subtracting the total cost incurred by
the rectangles used to achieve this coverage. Constraints (2) and (5) ensure that
each rectangle is used at most once. Constraints (3) and (6) guarantee that yij
can take the value 1 only if position (i, j) is covered by at least one rectangle when
gij > 0. Constraints (4) and (6) ensure that yij must take the value 1 if position
(i, j) is covered by any rectangle and gij < 0.

Constraints (3)–(4) together introduce a total of |M ||N | restrictions. Although
both sets of constraints are defined for all board positions (i, j), the maximization
of the objective function implies that half of them are automatically satisfied in any
optimal solution of the model.

2.4 Evolutionary algorithm

An evolutionary algorithm was implemented to provide heuristic solutions, capa-
ble of handling instances that are too large to be solved to optimality using exact
methods. The heuristic maintains a set of solutions in memory, referred to as a
population. New solutions are generated by combining pairs of existing solutions.
Local improvements are performed on the new solutions before they are added to
the population. When the population reaches a certain size, it is trimmed down to
a target size by selecting the best solutions from the full population. If the search
has trimmed down the population a certain number of times without finding a new
best solution in between, the search is restarted from scratch. Figure 1 illustrates
the components of the search.

A) Initial solutions B) Population

C) Selection

D) Combination

E) Improvement

F) Population management

Figure 1: An overview of the evolutionary algorithm developed for the BoPP.

Several refinements were incorporated into the evolutionary algorithm to improve
its efficiency.

2.5 Computational experiments

Although the problem under study is NP-hard, the practical difficulty of finding
optimal solutions is not fully understood. The computational experiments therefore
aim to evaluate the ability of a commercial mixed-integer programming solver to
identify optimal solutions and provide proofs of optimality. In addition, the perfor-
mance of the proposed evolutionary algorithm is studied, both in terms of its ability
to find near-optimal heuristic solutions for instances with known optimal solutions,
and its ability to obtain good feasible solutions in cases where the commercial solver
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cannot be applied successfully. The objective is not to demonstrate that one solution
method is superior to the other, but rather to investigate the instance characteristics
that allow each method to exhibit superior performance and to gain insights into
how these characteristics affect overall performance.

In the experiments, CPLEX (version 20.1) is used as the commercial solver with
a time limit of 600 seconds. The evolutionary algorithm is executed with a time
limit of 60 seconds. Both methods are run on a desktop computer with an Intel
Core i3-4150 (Dual-Core) CPU at 3.50 GHz and 8.00 GB of RAM under Windows
10 Pro 21H1. However, to validate the observed performance ceiling, it was also
performed tests on a high-end MacBook Pro with 32 GB of RAM and faster CPU
architecture, using extended time limits and CPLEX parameter tuning.

The following investigations are conducted:
1. the effect of increasing the board size, while keeping other aspects of the prob-

lem fixed;
2. the effect of the number of rectangles;
3. the effect of the variety of different rectangles;
4. the effect of the board topography, i.e., how the profits of covering board

positions are related to each other;
5. performance on artificial instances based on covering a given landmass with

satellite images;
6. performance on sets of instances that are constructed to be very similar to

each other.
A detailed evaluation of the results is provided in the thesis.

3 Square Packing and Covering

3.1 The problems under investigation

Consider the following setting: one square of size 1, one square of size 2, and so on,
up to one square of size n, where n is a natural number. These squares are referred
to as items. The problem is to determine the smallest square of size K into which all
items fit, without rotation (the sides of the items must remain parallel to the sides
of the accommodation square) and without overlap. This question corresponds to
Problem A005842 in the Online Encyclopedia of Integer Sequences [24].

Gardner [13] presented the best possible (tight) results for this problem up to
n = 17, based on earlier work. An upper bound (UB) is best possible if it coincides
with a valid lower bound (LB).

A review of the current best upper bounds for the packing problem is given in
[3], and the results are also available on the webpage [24]. There, the best known
UB(n) values are listed up to n = 56 (most of them tight), where UB(n) denotes
the upper bound for the packing problem with a given n. One of the strongest
lower bounds is derived from the total area of the squares, rounded up by taking

the square root, i.e. LB0 :=
⌈√∑n

k=1 k
2
⌉

=
⌈√

n(n+1)(2n+1)
6

⌉
. Tightness (i.e., when

UB equals a particular LB) has not been proved for n = 38, 40, 42, 48, 52, 53, and
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55, while for all other values with 1 ≤ n ≤ 56 the values of UB(n) reported in [24]
are proved to be tight.

The latest results were obtained by Hougardy [16], who showed that UB(28) =
89, UB(32) = 108, UB(33) = 113, UB(34) = 118, and UB(47) = 190, and proved
that these upper bounds are best possible. In these cases, LB0 + 1 serves as a
matching lower bound.

Several lower bounds for the packing problem are presented in the literature,
along with explicit packings. It has been established that for 1 ≤ n ≤ 24 (except
n = 18 and n = 24), the tightness of the best known packing can be validated
by a simple lower bound. The case n = 24 was recently resolved in [23], where
a complete combinatorial proof was provided. For n = 18, however, the problem
remains open: computational search shows that the squares [1, 18] cannot be packed
into a square of size 46, but they can be packed into a square of size K = 47. Thus,
K = 47 is known to be the optimal value, although the underlying reason is not yet
understood.

In [3], the first asymptotic results for the packing problem are given. It is shown
that there exists a constant c < 1 such that a square of sizeN+cn admits a guillotine-

type packing of the squares of sizes [1, n], where N :=
√
An =

√
n(n+1)(2n+1)

6
.

3.2 Small and medium cases

Gardner [13] presented the best possible (tight) results up to n = 17, based on earlier
works. The case n = 2 is trivial. For n = 3, the two largest squares must fit next to
each other, so the accommodating square must have size at least 2 + 3. This prop-
erty holds for larger instances as well, which yields a valid lower bound for a packing.

Claim 1. The following value is a lower bound for the size of the accommodation
square:

LB1 = n + (n− 1).

The following lemma also holds:

Lemma 1. For any set of five squares, at least three are collinear.

Corollary 1. The following value is a lower bound for the size of the accommodation
square:

LB2 = (n− 2) + (n− 3) + (n− 4).

It can be observed that LB2 is a tight lower bound for n = 9, . . . , 16, but not for
larger values.

3.2.1 All cases up to n = 24 and beyond

The results for n = 2, . . . , 24 are summarized as follows. For n = 2, . . . , 8, LB1 is
tight, and this lower bound is the only one that is tight, except that LB0 is also
tight for n = 3 and n = 8, and LB2 is tight for n = 8.

For n = 9, . . . , 16, LB2 is tight, and this lower bound is the only one tight, except
that LB0 is also tight for n = 15 and n = 16. After n = 16, LB2 is no longer tight.
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For n = 17, . . . , 24, LB1 is already far from the tight value. When stepping from
n to n + 1, LB2 always increases by 3, while LB0 first increases by 3, and then by
4 in this range of values. Thus, after n = 16, LB2 cannot be competitive.

For the cases n = 25, . . . , 56, the evaluation is provided in the thesis. Here, LB0

is sometimes tight and sometimes not, but the following observations can be made:
• If LB0 is not tight, the difference from the tight value is only 1.
• Considering the range 2 ≤ n ≤ 56, it can be observed that LB0 ceases to be

tight after a certain value of n.

3.3 An asymptotically optimal algorithm by Guillotine cut-
ting

To the best of current knowledge, no asymptotic-type guarantees exist for the prob-
lem of packing consecutive squares into a square. This section provides the first
results of this type, showing that a square of side length N + cn admits a guillotine-
type packing, where c < 1 is a constant and

N :=

√
n(n + 1)(2n + 1)

6
.

The details of the constructive phases are omitted here, as the main point is to
establish the asymptotic bound. It is sufficient to note that the construction relies
on recursive guillotine cuts that partition the square while maintaining feasibility.
This yields the following result.

Theorem 2. There exists a constant c < 1 such that the square of size N + cn
admits a guillotine-type packing of the squares of sizes 1, 2, . . . , n.

3.4 The covering problem

Now the covering problem is introduced by considering the following question:

Question: Can a square of size K × K be completely covered by the consecutive
squares of sizes [1, n]? In other words, what is the largest K for which the consecu-
tive squares [1, n] can fully cover a K ×K square when allocated carefully?

Overlaps among the small squares are permitted. To the best of current knowledge,
this question has not previously been investigated. The main results for the covering
problem can be summarized as follows:

• For small values of n, the covering problem is easy, and optimal solutions can
be obtained. These can be determined either by hand or by a mathematical
programming solver. Several formulations are possible, and two alternative
models are discussed.

• For moderate values of n, such as n = 23, the problem becomes computation-
ally hard for mathematical programming solvers. In these cases, a heuristic
algorithm is applied that can find near-optimal solutions also for larger in-
stances.

8



• An expansion algorithm is provided which, starting from a good cover ofK×K
for some n, can generate a cover for a larger square K ′ > K using the small
squares up to and including n + 1.

• A simple covering policy is shown to yield an asymptotically optimal covering.

3.5 Small and medium cases for covering

Small cases up to n = 7 can be solved directly. For medium values of n, the problem
cannot be solved easily by hand. A case is considered straightforward if the trivial
upper bound UBn can be calculated and a complete cover can be found for L = UBn.
In this situation, the optimal solution is known, i.e. K = L = UBn. In other cases,
however, K is smaller than UBn, or a packing of size UBn cannot be obtained easily.
For such instances, a mathematical programming model is applied. The model takes
the sizes of the squares as input, and a commercial solver is used. If the solver proves
that there is no solution for a certain value L, but a solution exists for L− 1, then
the optimal solution is K = L− 1.

3.5.1 Mathematical programming formulation

The covering problem is a special case of the Board Packing Problem (BoPP) [1,
12]. Two formulations were considered. The first is obtained by directly modifying
the BoPP model, while the second is a specialized variant that exploits structural
properties of the covering problem to reduce the number of constraints and variables.

3.5.2 Results using the mathematical models

The models were solved using the commercial mixed-integer programming solver
CPLEX. For values in the range n = 8, . . . , 21, the performance of the two models
did not differ significantly, although the specialized model typically exhibited slightly
lower running times when proving optimality. Table 1 summarizes the optimal
results for 8 ≤ n ≤ 21.

Any case with UBn = K is straightforward, since it is sufficient to find a good
cover for UBn. However, such a cover may not be easy to construct for relatively
large n, for example n = 21. These are the cases n ∈ {9, 13, 14, 16, 18, 19, 20, 21}.

For the remaining cases, i.e. n ∈ {8, 10, 11, 12, 15, 17}, the optimal value of L can
be determined by observing that CPLEX confirms the non-existence of a complete
cover for L + 1. The running time of CPLEX was approximately 7 seconds for
n = 11 (to exclude K = 22 and confirm K = 21 as optimal). For n = 12, excluding
K = 25 required about 12 seconds. For n = 15, excluding K = 35 required about
214 seconds. For n = 17, more than 10 hours of running time were needed to
exclude K = 42, thus proving K = 41 as optimal. Consequently, for larger values
of n, solving the models with CPLEX becomes computationally infeasible. Further
details are provided in the thesis.
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n 8 9 10 11 12 13 14 15 16 17 18 19 20 21
UBn 14 16 19 22 25 28 31 35 38 42 45 49 53 57
K 13 16 18 21 24 28 31 34 38 41 45 49 53 57

∆K 2 3 2 3 3 4 3 3 4 3 4 4 4 4

Table 1: The cases 8 ≤ n ≤ 21. The row ∆K denotes the difference between
consecutive K values as n increases.

3.6 Big cases for covering

Big cases are defined as those where CPLEX is far from being able to prove opti-
mality. In such cases, CPLEX may provide some lower bounds, although this can
already become time-consuming when the square to cover is larger than 70 × 70.
Alternative approaches are therefore needed to generate lower bounds, including a
heuristic algorithm and an expansion algorithm.

3.6.1 Heuristic search

For larger values of n, the commercial solver alone is insufficient. A heuristic can
still be applied to find valid lower bounds on K for a given n. Specifically, the board
packing problem [1] presented in Section 2.3 can be generated for given values of
K and n, and a computer search can attempt to find a feasible solution with an
objective function value that implies that a cover exists.

The heuristic used is an evolutionary algorithm, modified from the algorithm
proposed in [1] to solve general instances of the board packing problem. The method
is based on the hybrid genetic search, a leading metaheuristic successfully applied
to highly competitive combinatorial optimization problems such as vehicle routing.

3.6.2 Expansion algorithm

Another approach for obtaining lower bounds is an expansion algorithm. Given
an initial cover of a square of size K × K using consecutive squares up to size n,
the expansion algorithm constructs a cover of a larger square K ′ = K + s using
consecutive squares of sizes from 2 to n + 1. The 1 × 1 square can then be added
arbitrarily to complete the cover. The value of s, and thus K ′, depends on the
minimum number of squares appearing in any row or column of the original cover.

The idea is more naturally expressed using rectangles. Consider a rectangle of
size KI × KJ covered by a set of n rectangles, where rectangle r has dimensions
Ir × Jr. The number of rectangles used in each row to cover the larger rectangle is
counted. Let s denote the minimum number of such rectangles across all rows. A
cover of a rectangle of size KI×(KJ +s) can then be obtained by using n rectangles
of dimensions Ir × (Jr + 1). This is achieved by extending each rectangle by one
column and shifting them horizontally to cover the enlarged area.

Applying this procedure to a K ×K square covered with n consecutive squares,
the squares are first expanded horizontally. By transposing the result and applying
the procedure again, a rectangle of size (K + s) × (K + s′) covered by consecutive
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squares of sizes from 2 to n + 1 is obtained. If s 6= s′, the process may be repeated
while ensuring that the square is extended by equal length min{s, s′} in both direc-
tions.

Proposition 1. The expansion algorithm provides a covering for each n and s.

This procedure guarantees a cover, but not necessarily an optimal one.

3.6.3 Results using the heuristic and the expansion algorithm

For small values of K, the heuristic finds lower bounds comparable to those deter-
mined by the commercial MIP solver. Since the heuristic does not provide upper
bounds, the MIP solver remains preferable up to values of K around 65. For larger
K, the MIP solver is unable to provide conclusive results, and the heuristic is faster
at producing lower bounds.

Table 2 reports results for 25 ≤ n ≤ 30. The time required by the heuristic
to find a cover for this range is typically less than one hour. However, when the
heuristic fails to find a cover, it is not possible to determine whether the cover does
not exist or whether the method simply failed to identify it. For n = 25, which was
the largest case considered by CPLEX, the heuristic identified the same lower bound.
The table also shows lower bounds obtained by applying the expansion algorithm.
These were produced by taking the cover found by the heuristic for n and creating
a new cover using n + 1 squares. In this way, the expansion algorithm achieved the
same lower bounds as the heuristic for n = 26 and n = 28 by extending solutions
for n = 25 and n = 27, respectively.

n 25 26 27 28 29 30
UBn 74 78 83 87 92 97
L 72 76 81 85 90 95
L′ NA 76 80 85 89 94

Table 2: The cases 25 ≤ n ≤ 30 and results using the heuristic (L) and the expansion
algorithm (L′).

3.7 The asymptotic case

Recall that N =
√
An with An = n(n+1)(2n+1)

6
is an upper bound on the side length

of a square coverable by the squares 1×1, 2×2, . . . , n×n. This bound is asymptot-
ically tight, i.e., a cover can be constructed for a square of area at least (1−o(1))An

as n→∞. More explicitly, a square of side length N−2n admits a cover with these
squares. This fact is proved in the following more general form.

Theorem 3. If p · q ≤ An and |p − q| < 3n, then a (p − 2n) × (q − 2n) rectangle
can be covered with the squares of side lengths 1, 2, . . . , n.
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4 New scientific results
This thesis contributes new scientific results in the field of combinatorial optimiza-
tion through the introduction of the Board Packing Problem (BoPP), a novel hy-
brid formulation combining principles from facility location and two-dimensional
bin packing. While traditional models treat these domains separately, BoPP inte-
grates spatial gain functions with variable rectangle selection under cost constraints.
Additionally, new lower and upper bounds for square packing and covering are in-
troduced, improving upon existing results for small and medium instances. The
developed models, algorithms, and benchmark sets provide both theoretical insight
and practical tools for geometric facility deployment problems.

For an overview of the author’s academic publications and related bibliographic
data, see the MTMT profile:
https://m2.mtmt.hu/gui2/?type=authors&mode=browse&sel=10071311

Thesis 1. A new optimization problem, called the Board Packing Problem (BoPP),
has been defined on a board with m rows and n columns, where each cell holds an
integer revenue. A set R of rectangles is available, each defined by integer height,
width, and purchase cost. The goal is to select and place rectangles on the board,
aligned with the board’s sides, to maximize profit, calculated as the total revenue from
covered cells minus the total rectangle cost. Rectangles may overlap, but revenue from
any cell can be collected only once. Its investigation has been initiated.

1.1. It is proved in different ways that the BoPP is NP-hard in different settings.

1.2. Benchmark classes were constructed, each comprising multiple generated in-
stances. To facilitate result interpretation, a graphical interface was developed.
Furthermore, the problem was formally modeled as a mixed-integer linear program
(MILP).

1.3. A specialized hybrid evolutionary algorithm was developed for the BoPP. It
uses a constructive heuristic to generate the initial population, providing near-
optimal solutions already at the start of the evolutionary process.

1.4. The instances were solved using the commercial solver CPLEX and a custom
evolutionary algorithm. It was conducted a comprehensive evaluation of the results
across six different benchmark instance sets.

The corresponding publications are: [1, 2, 12].

Thesis 2. I addressed the following problem: given n squares with side lengths
[1, n], the task is to pack them, without rotation or overlap, into the smallest pos-
sible enclosing square. This problem is listed as sequence A005842 in the On-Line
Encyclopedia of Integer Sequences (OEIS). I proposed new lower and upper bounds
for the minimal enclosing square, and developed a simple algorithm suitable for large
values of n.
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2.1. A new lower bound, LB2, was introduced. For small and medium values
of n (up to n = 56), the lower bounds were compared with known upper bounds from
the literature. For larger values of n, a simple greedy-type algorithm was defined,
and shown to be asymptotically optimal.

The corresponding publications are: [3, 11].

Thesis 3. The following new problem was introduced: given n squares with side
lengths [1, n], the objective is to cover completely a square of size K using these items
completely the largest square of size K. An evolutionary algorithm was developed,
along with an expansion-based approach. These two algorithms, together with results
obtained from CPLEX, were used to establish new lower-bound estimates for the
largest possible value of K for various values of n.

3.1. For small values of n, the optimal value of K was determined using a com-
bination of simple observations, dedicated algorithms, and the commercial solver
CPLEX.

3.2. For moderate values of n, lower and upper bounds for K were established
through the use of CPLEX, an evolutionary heuristic, and an expansion algorithm.

3.3. For large values of n, a simple covering algorithm was developed that is proven
to be asymptotically optimal.

The corresponding publications are: [4, 5].
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