The generalized Thurstone method
and the investigation of its applicability,

as well as improving the accuracy
of the predictions it provides

Propositions of the doctoral PhD dissertation

LASZLO GYARMATI

Supervisors:

Dr. Csaba Mihalyko, Dr. Eva Orban-Mihalyko
associate professor associate professor

Doctoral School of Information Science and Tehcnology
University of Pannonia
Department of Mathematics

Veszprém

2026



1. The significance of the research topic

In our fast-paced and ever-accelerating world, the use and application
of various decision-support models and software play an ever more
important role. Artificial intelligence is increasingly surrounding us
and, in most cases, greatly assists us in carrying out our work and
tasks.

However, Artificial intelligence performs particularly well when a
large amount of data and information is available. But what happens
when decision support must be carried out with only a small amount
of data? In such cases, it is advisable to rely on well-established ma-
thematical models that are capable of performing reliably even with
limited data.

Pairwise comparison models are excellent for decision support
and information extraction. These models are effective for informati-
on extraction because they provide a detailed, quantifiable, and veri-
fiable picture of preferences and preference/importance relationships
based on data derived from simple decision-making situations and
pairwise comparisons of objects. These methods perform well even
with limited data, the provided data is reliable.

There are various pairwise comparison models. Among them are
methods based on pairwise comparison matrices (PCM) [16], inclu-
ding the Analytic Hierarchy Process (AHP [I7]) associated with Sa-
aty. This group of models currently represents the main direction of
research; a wealth of theoretical results [I8],[19], applications |20} 21],
and references are associated with it. In PCM-based models, verbal
opinions or the results of other pairwise comparisons are converted
into numbers, and the resulting matrix is evaluated in various ways.
The advantages of this method include the wide range of numbers
that can be used, which allows for many types of decision categories,



as well as ease of implementation and robustness.

Another group of models consists of Thurstone-motivated models
with a stochastic background. The first publications on these models
appeared a century ago, allowing only two choice options and nor-
mally distributed latent probability variables [22]. These models were
further developed later on |23 24} 25], and although they continued
to appear in applications, they were eventually replaced by PCM-
based methods due to the complexity of the calculations. In the case
of Thurstone-motivated models, decisions are not directly converted
into numbers; instead, they are interpreted as relations, and from
the relational data, we are able to derive quantified strengths during
evaluation, which can then undergo further processing. One of their
disadvantages was that they allowed for few decision options, but this
drawback can be eliminated by using multi-option models [26], [27].
Due to the complexity of the calculations, significant computatio-
nal capacity is required for implementation. Thanks to advances in
computer science, this is now available. Thus, the inherent advan-
tages of the method, such as the ability to estimate probabilities
regarding further comparison results and the possibility of hypothe-
sis testing, can be exploited. However, a drawback remains: due
to the complexity of the models, the theoretical foundation is less
well-established. Based on known theoretical results, these methods
require more complex investigations compared to PCM-based models.
Another interesting question that arises is the potential relationship
between the two model groups. I have not found any publications in
the literature addressing this issue.

Thurstone-type models are well suited for generalization and
can be applied to a wide range of decision-support and information-
extraction problems. In their generalized form, they allow for mul-



tiple decision alternatives and can capture advantages observed in
comparisons through the inclusion of additional parameters. By int-
roducing appropriate weights, the relative importance of data can be
adjusted, for instance, to account for temporal effects or to emphasize
the expertise of evaluators. Furthermore, by applying an exponential
transformation to the estimated expected values derived from addi-
tive models, these approaches can also be extended to multi-criteria
decision support, similarly to PCM-based models.

2. Motivation and objectives

Although Thurstone-motivated models have a long history and are
widely applicable, they are significantly more complex than PCM-
based models, leaving many questions unanswered regarding these
models.

One such fundamental question regarding multi-option models is
what conditions the data must satisfy in order to estimate strengths
from them. For PCM-based models, the necessary and sufficient
condition for the evaluability of the PCM matrix is known from the
work of Bozoki et al., and this is the comparison graph generated
by the PCM matrix [28]. Simple examples show that for Thurstone-
motivated models, this condition is not sufficient; stronger constraints
are required. The underlying reason is that only relations are avai-
lable as a result of the comparisons.

The necessary and sufficient condition for data evaluability in the
case of the two-option logistic model (Bradley—Terry) was proven by
Ford [29]. In the three-option case, a sufficient condition was provided
by Davidson [30], as well as a condition proven by Orban-Mihalyké
et al. [27]. At the beginning of my research, however, the necessary



and sufficient conditions for evaluability were not known even for
three-option models. While consistency and inconsistency measures
are central topics in PCM-based models [31] [32], the concept of da-
ta consistency had not yet been addressed for Thurstone-motivated
models. Another interesting question concerns the relationship bet-
ween the two model classes, both on a theoretical and empirical level.

In my work, I studied Thurstone-motivated models and the sto-
chastic Davidson model. I investigated several questions related to
these models, allowing multiple options in the decision-making pro-
cess. What is the minimal dataset for which the models can be evalu-
ated? How do they behave under small datasets? How many-option
models are worth using? What is their relationship to PCM-based
models? How can information extraction and prediction be improved
by using higher numbers of options and incorporating potential ad-
vantages into the model? How can the models be further generalized?
How can they be applied, and with what efficiency? What properties
of the models can be discovered during their application?

3. Methods and tools

The study of Thurstone-motivated methods requires a broad toolkit
drawn from several scientific disciplines: knowledge of results from
various areas of mathematics (probability theory, analysis, graph the-
ory, numerical analysis, and statistical methods, as well as optimiza-
tion), computational techniques (GPU programming, parallelization,
visualization, simulation), and, in the case of applications, domain-
specific tools (e.g. NETFIT and knowledge of sports-related cha-
racteristics, etc.). Achieving the results of individual publications
typically requires combining several of these fields.

The obtained results are partly theoretical, but in addition to ma-



thematical proofs, they also strongly rely on the results of computer
simulations. Parameter estimation was carried out using the maxi-
mum likelihood estimation method. This is a widely used optimization-
based estimation procedure, where the objective log-likelihood func-
tion is a complex multivariate function, and both the existence of the
optimum and the uniqueness of the optimal solution must also be
investigated.

In this context, I generalized the conditions of data evaluabi-
lity, and to illustrate that these generalizations significantly improve
the ability to decide evaluability, I also applied random simulations.
To explore relationships between different models, I demonstrated,
beyond mathematical statements, through a large number of simu-
lation experiments the equivalence of optimal comparison structures
in PCM-based and Thurstone-motivated models. When improving
prediction accuracy, I also relied on simulation results in addition to
analyses of real datasets.

To carry out a large number of simulations, it was necessary to
develop and implement fast and efficient numerical methods. I sought
a numerical method for finding extrema that is computationally effi-
cient, adaptable, and converges well for log-concave functions. I chose
the Nelder-Mead method for general distribution functions, while I
used a fixed-point iteration solution for the Bradley-Terry model.
These numerical methods are more efficient than the built-in optimi-
zers in the Matlab, R, and Python software packages.

Significant computer science knowledge is also required for the com-
puter implementation of graph connectivity and cycle-finding algo-
rithms. I wrote these programs myself in order to be able to run a
very large number of simulations within a reasonable amount of time.

As the programming language, I chose the high-performance,

high-level C# language. The developed optimization search prog-



ram achieves outstanding speed thanks to a performance-optimized
Nelder-Mead implementation and a high degree of parallelization.
From time to time, I also applied GPU programming to further inc-
rease computational speed.

The Nelder—-Mead optimizer was used not only for Thurstone-
motivated models but also for the Davidson model and PCM-based
methods. Since in certain cases I performed up to 10° simulations,
an even faster solution was required. In the case of the Bradley-Terry
model, it was possible to use a fixed-point iteration method based on
partial derivatives for 2-, 3-, 4-, and 5-option models, which resulted
in further significant speedups. For three-option models, the fixed-
point iteration approach achieved on average a 50-fold acceleration,
making it possible to run nearly two orders of magnitude more simu-
lations within a similar runtime. To determine evaluability, I used
my own breadth-first search algorithms, modified specifically for this
problem.

The software package I developed has a modular structure in
order to make it easily adaptable to different tasks. A high degree of
automation was implemented throughout the system, ranging from
data input to output in an appropriately formatted form.

Using simulations, I was able to gain insight into the necessary
and sufficient conditions and to identify various relationships between
different models. These results also helped me identify optimal com-
parison structures and perform various measurements in the field of
information extraction under different numbers of options.



4. Theses

I have grouped the results of my research into three main categories.
These concern the evaluability of data, the reliability of data, and
the applications of the models.

1. Thesis Group: Investigation of the evaluability of data

1.1

1.2

1.3

1.4

In the two-option Bradley-Terry model, I generalized the
previously proven necessary and sufficient condition en-
suring data evaluability to Thurstone-motivated models
using general distribution functions in the two-option
models.

I derived the conditions under which separately evaluab-
le datasets can, with only a small amount of connecting
information, be merged into a dataset that remains eva-
luable in three-option Thurstone-motivated models.

For three-option Thurstone-motivated models and the
Davidson model, I specified and mathematically proved
the necessary and sufficient conditions for evaluability.
In doing so, we answered a question that had remained
open for 70 years. Using simulations, I have shown that
this set of conditions significantly improves the correct
identification of evaluable data sets in certain cases com-
pared to previously known sets of conditions.

I examined the relationship between s- and s + 2-option
models in terms of evaluability and information extrac-
tion. For s = 2,3, I mathematically proved that if the
data are evaluable in the s-option model, then under
natural constraints they become evaluable in the s + 2-
option model as well. Based on simulations, I demonst-
rated that when a sufficient number of comparisons is



available, it is recommended to use the model with the
larger number of options. Also using random simula-
tions, I provided the comparison numbers at which the
use of the more complex model is recommended.

The significance of the theses in Thesis Group 1:

The necessary and sufficient condition systems for evaluabi-
lity in two- and three-option models provide a clear decision
on whether a dataset can be evaluated within the given model.
In this way, they support decisions regarding model applica-
bility. In the case of non-evaluable datasets, they also make it
possible to formulate recommendations on which pairs should
be compared in order to make the data evaluable. Linking
datasets with only a small amount of connecting information
yields a reliable ranking, and the evaluation of this conditi-
on system typically requires fewer computational resources in
most cases.

Results related to the choice of the number of options indicate
that using models containing more information is advantageo-
us compared to models with fewer options, which process less
information, but only if a sufficient amount of data (pairwise
comparison information) is available.

The corresponding publications are: [}, 2} [3], [4, [5].

. Thesis Group: Consistency and inconsistency in the
two-option Bradley-Terry and Davidson models based
on the concept of consistency in PCM-based models

2.1 We have shown that the concept of consistency, which
is commonly used in PCM-based models for both comp-



2.2

2.3

24

lete and incomplete comparisons, can be extended to
the two-option Bradley-Terry models, provided that the
relevant elements of the PCM are interpreted as the ra-
tio of the number of best decisions to the number of
worst decisions. In doing so, we formulated a concept of
data consistency for the 2-option Bradley-Terry model,
modeled after the PCM definition of consistency. The
method is based on the fulfillment of Luce’s choice axi-
om, and thus can also be applied to the three-option
Davidson model.

We formulated and proved an equivalent statement re-
garding data consistency, which can serve as a basis for
the concept of consistency even in cases where Luce’s
selection axiom is not satisfied.

Through the concept of consistency, we have identified
a connection between PCM-based models and stochas-
tic models, recognising that, given consistent data, they
yield the same evaluation result if the relevant elements
of the PCM are interpreted as the ratio of the number of
better decisions to the number of worse decisions among
the given objects.

Using simulations, I demonstrated that, in the case of
inconsistent data, the two-option Bradley-Terry models
have the same comparison graph structures that ensure
optimal information extraction as the PCM-based mo-
dels. Thus, I found a non-trivial connection between the
two model groups. I performed the comparisons using
various metrics, under different perturbation values en-
suring inconsistency, and based on random parameters
and random comparison data, and obtained results of
the same nature for the two model types.



The significance of the theses in Thesis Group 2: We
have identified a connection between PCM-based models and
the stochastic model family, which may help in identifying
their common roots. An equivalent reformulation of the con-
sistency concept established in the two-option Bradley-Terry
model allows for the introduction of the concept of consis-
tency even in stochastic models where Luce’s choice axiom is
not satisfied. Given the optimal information extraction gra-
ph structures, it becomes possible to design comparison graph
structures as a function of the number of compared pairs in
order to extract as much information as possible.

The corresponding publications are: [6, [7].

. Thesis Group: Application of models with different
numbers of options for evaluating objects and in de-
cision support systems

3.1 I applied three-option models to the evaluation of foot-
ball leagues. I ranked teams from the five strongest nati-
onal football leagues (English, French, German, Italian,
and Spanish) using a three-option Thurstone-motivated
model, as well as AHP and neural networks. I found that
in the case of national leagues, the rankings produced
by all three models show a strong correlation. However,
when I merged the leagues using inter-league matches
from international competitions, the rankings produced
by artificial intelligence became highly debatable, and
the AHP-based ranking often overestimated teams from
the strongest national leagues in international contexts.

10



3.2

3.3

3.4

In contrast, the Thurstone model produced realistic re-
sults even with a small number of connecting matches,
making it suitable for evaluating complex, interconnec-
ted systems.

I applied a three-option model to evaluate match out-
comes in the European Handball Champions League.
Based on group-stage matches, I made predictions for
the knockout phase, and these predictions outperformed
those of recognized experts. I also correctly predicted
the Final4 outcome using the model, despite the cancel-
lation of several matches due to the COVID pandemic.

I investigated various Thurstone-motivated models in-
corporating advantage effects and time weighting for
predicting sports outcomes. I compared their predictive
performance using standard evaluation metrics against
each other and against the best-performing method re-
ported in the literature [33], based on results from the
2024/25 season across multiple national leagues. Para-
meters were estimated using match results from the pre-
vious two seasons. I found that the model incorporating
both advantage effects and time weighting achieves com-
petitive predictive performance compared to the most
advanced methods currently available in the literature.
In most cases, incorporating advantage and time weigh-
ting led to significant improvements.

I developed a seven-option decision-support model bas-
ed on the Bradley-Terry model and applied it to sports
selection. The athletes’ subskills in different areas we-
re quantified using the NETFIT assessment, while the
importance of each subskill was determined based on co-
aches’ judgments. The coaches provided data via pair-

11



wise comparisons. The model proved suitable not only
for supporting sports selection but also for monitoring
athlete performance and designing training plans aimed
at improving specific subskills.

3.5 I performed clustering of light sources based on glare
perception using a seven-option Bradley—Terry model.
The study used real-world data collected by researchers
from the University of Lausanne. The data were evalua-
ted both with and without filtering inconsistent respon-
dents. The two evaluation approaches produced very
similar strength estimates, supporting the robustness of
the method. After clustering, the same light sources
were recommended under both filtered and unfiltered
conditions.

The significance of the theses in Thesis Group 3:
Thurstone-motivated models are also highly suitable for eva-
luating sports results in cases where, due to the limited amount
of available information, artificial intelligence methods are not
effective. Even with a small amount of connecting informati-
on, they reliably construct coherent rankings. Owing to their
probabilistic foundations, they are well suited for prediction
tasks, and their accuracy can be significantly improved by in-
corporating time-based weighting and advantage handling.

In multi-criteria decision-making settings, they also provide
valuable information about the relative strengths of objects
under different attribute priorities. Moreover, the robustness
of the evaluations makes it possible to reach sound decisions
even when some evaluators provide partially contradictory da-
ta.

12



The corresponding publications are: [3], [8, 9], 10}, 1T},
12].

5. Summary and possible future research
directions

During my research, I have addressed several previously unanswered
questions concerning the evaluability of data, the concept of consis-
tency, and the applicability of models, as well as their properties.
Based on these results, I have published nine English-language jour-
nal articles over the past four years. Among these, two were published
in D1-ranked journals, and an additional two in Q1-ranked journals.
During my PhD studies, I also participated as a presenter at th-
ree English-language conferences; the related conference proceedings
are included in the thesis booklet. In addition, I have co-authored
two Hungarian-language journal articles, and participated in nume-
rous Hungarian-language conferences, either as a presenter or as a
co-author of presentations.

The research also raised a number of new questions.A natural
question is what the necessary and sufficient conditions are for the
evaluability of data in the case of 3 < s options. It would be use-
ful to define the concept of data consistency in cases where Luce’s
choice axiom does not hold, as well as to introduce a measure of in-
consistency for Thurstone-motivated models. In addition, it would
be worthwhile to apply the models in new areas as well. However,
the most interesting and at the same time most profound scientific
question in the field of pairwise comparisons is the relationship bet-
ween PCM-based and Thurstone-motivated models, which requires
extensive further research.
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IF: 1.9
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